CHAPTER 2 LIMITS AND CONTINUITY 



2.1 RATES OF CHANGE AND TANGENTS TO CURVES 



1- (a) £ = 



Af _ f(3) - f(2) _ 28-9 _ i q 
Ax ~ 3-2 — 1 



,us Af _ f(l) - f(-l) _ 2^0 _ i 
^ Ax — 1 -(-1) — 2 — 1 



2. (a) 



Ag _ g(l) — g(— 1) _ 1-1 _ n 
Ax : I 1 . 2 u 



|i.\ Ag . g(0)— g(— 2) . 0-4 _ t 

u ' Ax — a-f-2) ~ 2 ~ 



3- (a) £ = 



Ah _ h (T)~ h (l) = -1-1 _ _ 4 
At ^ t ? tt 



( b ) Ah = h(|)-h(|) = 0-_v/3 = -3y^ 

2 — 6 3 n 



4. (a) -£ = 



Ag _ g(T)-glO) _ (2 — 1J — (2 + 1J _ _ 2 
At 7T — 0 7T — 0 7T 



/u\ Ag _ g(ir) — g(— !TJ _ (2 — 1) — (2 — 1) _ n 
At — jr-(-ir) — 2 tt — u 



R(2) — RfO) _ x/8+I- yT _ 3-1 



P(2) — P(l) _ (8 — 16 + 10)— (1 — 4 + 5) 



= 2-2 = 0 



7. (a) ^ = ((2 + h)2 2) (2 ' 3) = 4 + 4h + h 2 — 3-i = 4h±h! = 4 + h.Ash->0,4 + h->4=^at P(2, 1) the slope is 4. 
(b) y — 1 = 4(x - 2) => y - 1 = 4x — 8=>y = 4x — 7 



8- (a) #* = 



A^ = (5 ( 1 + h ^) ( 5 l2 ) = 5-i-2h-h z -4 = ^ 2 h_jP = _2 _ h. As h -> 0, -2 - h -> -2 =>■ at P(l, 4) the 



9. (a) 



slope is —2. 

y — 4 = (— 2)(x — 1) => y — 4 = — 2x + 2 => y = — 2x + 6 

^ ^ ((2 + h) 2 — 2(2 + h) — 3) — ( 2 2 — 2 ( 2 ) — 3) ^ 4 + 4h + h 2 - 4 - 2 h - 3 - (-3) ^ = 2 + h . As h - 0, 2 + h - 2 =* at 

P(2, —3) the slope is 2. 

y - (-3) = 2(x - 2) => y + 3 = 2x - 4 y = 2x - 7. 



10. (a) £ = 



= (( 1+h) 2 -4(l+h))-(l 2 -4(l)) ^ l+2h + h 2 -4-4h-(-3) = h^2h =h _ 2 A , Q h _ 2 _^_ 2 
Ax h h h ’ 



P(l, —3) the slope is —2. 

(b) y - (-3) = (— 2)(x - 1) =» y + 3 = -2x + 2 =» y = -2x - 1. 

H. (a) = (2 + h) 3 -2 3 = 8 + 12h + 4h 2 + h 3 — 8 = 12h + 4h 2 + h 3 = 12 + 4h + h 2 As h 0, 12 + 4h + h 2 -> 12, 

P(2, 8) the slope is 12. 

(b) y - 8 = 12(x - 2) =>- y - 8 = 12x - 24 => y = 12x - 16. 

12. (a) — = 2 ~( 1+h ) 3 ~ ( 2 ~ l!l — 2 — 1 — 3h — 3h 2 — h 3 — 1 _ — 3h — 3h 2 — h 3 — _ +2 Ac U n _ UV. _ 



= -3 - 3h - h 2 . As h -> 0, -3 - 3h - h 2 -> -3, 



P(l, 1) the slope is —3. 

y - 1 = (— 3)(x - 1) => y - 1 = -3x + 3 =>■ y = -3x + 4. 



13 (a) — (l+h) 12(1 + h) (P 12(1)) 1 + 3h + 3h 2 + h 3 — 12 — 12h — ( — 11) — 9h + 3h 2 + h 3 g _|_ ^2 b ^ q 

— 9 + 3h + h 2 — * — 9 => at P(l, —11) the slope is —9. 

(b) y- (-11) = (— 9)(x — 1) =>• y + 11 = -9x + 9 => y = -9x - 2. 
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14 ( a ) — (2 + h) 3 - 3(2 + h) 2 + 4 - (2 3 - 3(2) 2 + 4) _ B + 12h + 6h 2 + h 3 - 12 - 12h - 3h 2 + 4 - 0 _ 3h 2 + h 3 = 3h + h 2 As ll — > 0 

3h + h 2 — > 0 => at P(2, 0) the slope is 0. 

(b) y - 0 = 0(x — 2) =*► y = 0. 



15. (a) Q 

Qi(10, 225) 
Q 2 (14,375) 
Q 3 (16.5, 475) 
Q 4 (18, 550) 



Slope ofPQ = ^ 



650 


-225 


20 


- 10 


650 


-375 


20 


- 14 


650 


-475 


20- 


- 16.5 


650 


-550 


20 


- 18 



= 42.5 m/sec 
= 45.83 m/sec 
= 50.00 m/sec 
= 50.00 m/sec 



(b) At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h. 



16. (a) Q 

Qi(5, 20) 
Q 2 (7, 39) 
Q 3 (8.5, 58) 
Q 4 (9.5, 72) 



Slope ofPQ = 4 e 
= 12 m/sec 
= 13.7 m/sec 
= 14.7 m/sec 



t 8 q_ Jg = 16 m/sec 
(b) Approximately 16 m/sec 



17. (a) 




(b) ^ = 2004-^002 = =r = 56 thousand dollars per year 

(c) The average rate of change from 2001 to 2002 is^ = -> 00 6 -n CTooi = 35 thousand dollars per year. 

The average rate of change from 2002 to 2003 is 4^ = ->^-2002 = ^9 thousand dollars per year. 

So, the rate at which profits were changing in 2002 is approximatley 4(35 + 49) = 42 thousand dollars per year. 



18. (a) F(x) = (x + 2)/(x — 2) 



X 


1.2 


1.1 


1.01 


1.001 


1.0001 1 


F(x) 




-4.0 


-3.4 


-3.04 


-3.004 


-3.0004 -3 


AF 

Ax — 


-4.0 -(- 
1.2-1 


l3) _ _ 


-5.0; 




AF —3.4 — ( 

Ax 1.1- 


=2 = -4.4; 


AF 


-3.04 -(-3) _ 


—A 04- 




AF -3.004- 


_<_3) — 4 nnd- 


Ax — 


1.01 - 


1 






Ax — 1.001 




AF 

Ax — 


-3.0004 

1.0001 


-(-3) _ 

- 1 


= -4.0004; 









(b) The rate of change of F(x) at x = 1 is —4. 

19. (a) = g(2 ^If (1) = ~ 0.414213 « 0.449489 

Ag _ g(l+h)-g(l) _ yA+h-1 
Ax (1 + h) — 1 h 

(b) g(x) = y/x 



1+h 


1.1 


1.01 


1.001 


1.0001 


1.00001 


1.000001 


Vl+h 


1.04880 


1.004987 


1.0004998 


1.0000499 


1.000005 


1.0000005 


(Vl+h-1 


)/h 


0.4880 


0.4987 


0.4998 


0.499 


0.5 


0.5 



(c) The rate of change of g(x) at x = 1 is 0.5. 
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(d) The calculator gives lim v/1 1" h 1 = . 

° h-f 0 h 2 



20. (a) i) 

ii) 

(b) 



f(3) - f(2) _ j-| _ IT 



3-2 

f(T) - f(2) 
T — 2 



2 — T 



T — 2 



2T 2T _ 

T - 2 2T(T - 2) 



2 — T 



— 2T(2 - T) 



I — L J 2 

-T) 2T’ 1 T~ ^ 



T 


2.1 


2.01 


2.001 


2.0001 


2.00001 


2.000001 


f(T) 


0.476190 


0.497512 


0.499750 


0.4999750 


0.499997 


0.499999 


(f(T) - f(2))/(T - 2) 


-0.2381 


-0.2488 


-0.2500 


-0.2500 


-0.2500 


-0.2500 



(c) The table indicates the rate of change is —0.25 at t = 2. 

(d) T lim 2 (±y = - \ 



NOTE: Answers will vary in Exercises 21 and 22. 



21. (a) [0, 1]: ^ = 15 mph; [1, 2.5]: ^ = gO 5 = K> mph; [2 5j 3.5]. A5 = M = i 0 mph 

(b) At P(l, 7.5) : Since the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change 



will be almost the same as the average rate of change, thus the instantaneous speed at t = 1 i 



is 



15-7.5 



= 15 mi/hr. 



2 “ 1-0.5 

At P(2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will 



be nearly the same as the average rate of change, thus v = 



20-20 
2.5 -2 



= 0 mi/hr. For values of t less than 2, we have 



Q 



Slope ofPQ = 



= 5 mi/hr 



15-20 

= 2 mi/hr 
= 1 mi/hr 



Qid, 15 ) 

02 ( 1 . 5 , 19 ) 

03 ( 1 . 9 , 19 . 9 ) 

Thus, it appears that the instantaneous speed at t = 2 is 0 mi/hr. 
At P(3, 22): 



Q 



Slope ofPQ = 



Q 



Slope ofPQ = 



Qi(4, 35) 


3 Af = 13 mi/hr 


Qi(2, 20) 


2 °“ 22 = 2 mi/hr 


Q 2 (3.5, 30) 


3°5~ 2 3 2 = 16 mi/hr 


Q 2 (2.5, 20) 


2 °- 22 = 4 mi/hr 


03(3.1,23) 


23 - 22 = 10 mi/hr 


Qs(2.9,21.6) 


2 2 9~3 2 = 4 mi/hr 


Thus, it appears that the instantaneous speed at t = 


3 is about 7 mi/hr. 




It appears that the curve is increasing the fastest at t 


= 3.5. Thus for P(3.5, 30) 





Q 



Slope ofPQ = 



Q 



Slope ofPQ = 



Qi(4, 35) 
Q 2 (3.75,34) 
Q a (3.6, 32) 



= 10 mi/hr 



35-30 
4-3.5 

3 3 7 4 5 ~ 3 3 ° s = 16 mi/hr 

32 - 30 = 20 mi/hr 



Qi(3, 22) 
Q 2 (3.25,25) 
Q 3 (3.4, 28) 



= 16 mi/hr 



22-30 
3-3.5 

3 2 2 5 5 -3°5 = 20 mi/hr 



3.6 -3.5 

Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr. 



28-30 
3.4 -3.5 



= 20 mi/hr 



22. (a) [0,3]: ^ = 10^ 

(b) At P( 1,14): 

Q 



-1.67 [0,5]: = 3 - 9 " 15 



day ’ 



5-0 



Qt(2, 12.2) 
02(1.5,13.2) 
Qs(l. 1,13.85) 



Slope ofPQ = M 



12.2-14 
2-1 

13,2 7 34 =—1.6 gal/day 

13.85-14 

1.1 - 1 



= — 1.8 gal/day 



= — 1.5 gal/day 



9 9 gfd . .ryi AA 0— 1.4 

day’ L 7 ’ iU J* At — 10-7 



-0-5 g 



Q 



Qi(0, 15) 
02(0.5, 14.6) 
03(0.9, 14.86) 



Slope ofPQ = M 



15 “ 14 = —1 gal/day 

= — 1.2 gal/day 
= — 1.4 gal/day 



o-i 
14.6-14 
0.5-1 
14.86-14 
0.9-1 



Thus, it appears that the instantaneous rate of consumption at t = 1 is about — 1 .45 gal/day. 
At P(4, 6): 
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Q Slope of PQ = M Q Slope of PQ = ^ 



Qi(5, 3.9) 


3 5 9 _ 4 6 - 2.1 gal/day 


Qi(3, 10) 


'/-t = -4 gal/day 


02(4.5,4.8) 


4.5 _ 4 = 2.4 gal/day 


02(3.5,7.8) 


3.5 — 4 = 3.6 gal/day 


03(4.1,5.7) 


44 — 4 = 3 gal/day 


Qs(3.9,6.3) 


3 . 9_4 = 3 gal/day 


Thus, it appears that the instantaneous rate of consumption 


at t = 1 is —3 gal/day. 


At P(8, 1): 








Q 


Slope of PQ = || 


Q 


Slope of PQ = || 


Qi(9, 0.5) 


0 9 - 8 ' - 0.5 gal/day 


Qi(7, 1.4) 


7 4 _ 8 - 0.6 gal/day 


02(8.5,0.7) 


8 . 5 - 8 = 0.6 gal/day 


02(7.5,1.3) 


= -0.6 gal/day 


Qs(8.1,0.95) 


8 9 i 5 -8 = 0.5 gal/day 


03(7.9,1.04) 


7 * 9 *_g = 0.6 gal/day 


Thus, it appears that the instantaneous rate of consumption 


at t = 1 is —0.55 gal/day. 


(c) It appears that the curve (the consumption) is decreasing the fastest at t = 3.5. 


Thus for P(3.5, 7.8) 


Q 


Slope of PQ = || 


Q 


Slope ofPQ = |f 



Qi (4.5 , 4.8) = -3 gal/day Qi (2.5, 11.2) = -3.4 gal/day 

02(4,6) = _ 3 . 6 ga i/ day Q 2 (3, 10) = -4.4 gal/day 

03(3.6,7.4) |4 5 7| = _4 gal/day 03(3.4,8.2) = -4 gal/day 



Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day. 

2.2 LIMIT OF A FUNCTION AND LIMIT LAWS 



1 . (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 
approaches 1 . There is no single number L that all the values g(x) get arbitrarily close to as x — * 1 . 



(b) 


1 


(c) 


0 


(d) 


0.5 


2. (a) 


0 










(b) 


-1 










(c) 


Does not exist. 


As t approaches 0 from the left, f(t) 


approaches — 1 . As t approaches 0 from the right, f(t) 




approaches 1. 


There is no single number L that f(t) 


gets arbitrarily close to as t - 


0 . 




(d) 


-1 










3. (a) 


True 


(b) 


True 


(c) 


False 


(d) 


False 


(e) 


False 


(f) 


True 


(g) 


True 










4. (a) 


False 


(b) 


False 


(c) 


True 


(d) 


True 


(e) 


True 







5. lim A does not exist because * = x = I if x > 0 and 2, = x = 1 if x < 0. Asx approaches 0 from the left, 

x — > 0 l x l l x l x l x l X 

j|| approaches — 1 . Asx approaches 0 from the right, A approaches 1 . There is no single number L that all the 
function values get arbitrarily close to as x — > 0. 

6 . As x approaches 1 from the left, the values of become increasingly large and negative. As x approaches 1 
from the right, the values become increasingly large and positive. There is no one number L that all the function 
values get arbitrarily close to as x — > 1, so lim -L- does not exist. 

X — > 1 x 1 
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7. Nothing can be said about f(x) because the existence of a limit as x — » Xo does not depend on how the function 
is defined at Xo. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 

x is close enough to x () . That is, the existence of a limit depends on the values of f(x) for x near xo, not on the 
definition of f(x) at Xo itself. 

8. Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of the 

x — > 0 

value f(0) itself. 



9. No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f( 1 ) is 
defined, it can be any real number, so we can conclude nothing about f(l) from lim f(x) = 5. 

x — * 1 

10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(l) itself. If 

lim f(x) exists, its value may be some number other than f(l) = 5. We can conclude nothing about lim f(x), 

x — > 1 x — ► 1 

whether it exists or what its value is if it does exist, from knowing the value of f( 1 ) alone. 

11. lim (2x + 5) = 2(— 7) + 5 = -14 + 5 = -9 

x — > — 7 

12. x lim 2 ( — x 2 + 5x - 2) = — (2) 2 + 5(2) - 2= -4+ 10-2 = 4 



13. 

14. 

15. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

23. 

24. 



lim 8(t - 5)(t - 7) = 8(6 - 5)(6 - 7) = -8 

t —* 6 



lim 2 (x 3 - 2x 2 + 4x + 8) = (-2) 3 - 2(-2) 2 + 4(-2) + 8 = -8 - 8- 8 + 8 = -16 



lim 

x -> 2 



x + 3 __ 2 + 3 _ 5 
x + 6 2 + 6 8 



16. lim 3s(2s - 1) = 3 (|) [2 (|) - l] = 2 (f - l) 

S ^ 3 



lim 3(2x - l) 2 = 3(2( — 1 ) - l) 2 = 3(-3) 2 = 27 



lim 

y-2 



y + 2 _ 2 + 2 _ 4 _ 4_ _ 1 

y 2 + 5y + 6 — (2) 2 + 5(2) + 6 — 4 + 10 + 6 — 20 — 5 



lim (5 - y) 4 / 3 = [5 - (— 3)] 4 / 3 = (8) 4 / 3 = ((8) 1 / 3 ) = 2 4 = 16 
y — > -3 ' ' 



lim (2z - 8) 1 / 3 = (2(0) - 8) 1 / 3 = (-8) 1 / 3 = -2 

z — > 0 



1 1 m - ^ - = ; 2 = 2 . 

h — 0 v/Sh^+l v/3(0) + 1 + 1 vT+1 2 



lim ^ K + 4 " 2 - lim 3/51TM-2 . v^M + 2 _ j- (5h + 4) — 4 5h 

h™o h "hTo h ^44+2 - h ™ 0 h(VS74+2) “h^o h(7a+4+ 2 ) 

_ 5 __ 5 

v/4 + 2 4 



= lim 



h — ► 0 \/5h + 4 + 2 



lim 



x — 5 
5 x2 -25 



= lim 



x — 5 



= lim 



l 



5 (x + 5)(x — 5) x ik 5 x + 5 5 + 5 10 

— = ii m — !— — — 1 



x 1 ™^ x 2 +4x'+ 3 — xii+g (x + 3)(x + 1) — x L‘-3 X+1 — -3 + 1 



2 

3 
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25. lim x2 + 3 *~ 10 = lim (x + 5 ^~ 2 > = lim (x - 2) = -5 - 2 = -7 

x ^ — 5 x + 5 x^-5 x + 5 x^-5 



26. lim 

x -> 2 



x 2 - 7x + 10 _ i- (x - 5)(x - 2) _ 



= lim 

x -» 2 



^ — = lirn^ (x — 5) = 2 — 5 = — 3 



77 lim (2 + 1 ~ 2 — lim (t + 2)(t ~ ^ — lim Eh 2 _ 1 + 2 _ 3 

z/ - J 1 ™! t 2 -l — t 1 ™! (t-l)(t+l) — t 1 ™! t+ 1 — 1 + 1 — 2 



28. lim p^±i= lim = lim [±f = =i+| = _ i 

t -1 t — t — 2 t _ > _i (t — 2)(t+ 1) t — ► — 1 t_2 -1-2 3 



29. lim 3 2x 7 \ = lim — ij m -4= = -2 = — I 

x — » —2 x 3 + 2x 2 x — > —2 x 2 (x + 2) x _» _ 2 x 4 2 



30. lim , 5y 4 3 + , 8 , y ; = lim 2 ^ 5y + f,. = lim = « = - 1 

y — > o 3 r - I6y 2 y — j q y 2 (3y 2 - 16) y _> q 3 r “ 16 -16 2 



31. lim x — | = lim — ^ = lim (L^ • ~4) = lim -± = -1 

X — > 1 x — 1 x-tl x_ 1 X-.1 1 X X ~ lJ X — ’ 1 x 

1 , 1 (x+ 1) + (x— 1) , -v 

32. lim *-■ X+1 = lim (x - 1)(x - ;1) = lim ( 7 — M-. n • ± ) = lim 7 — 4—, n - -r 

x^O X X-+1 x x-» 1 \l x_1 l( x + 1 > V x^ 1 ( x_1 )(x+l) -1 



= A = -2 



33. lim 4=4 = lim ( f + 1)( “t, 1 . Xu ~ u = lim (u2 | 4)( ^+ 1 ) = fl + 1)(1 + 1 > = 4 

U ^1 u 2 - 1 u J (u 2 +u+ 1) (u- 1) u _J 1 u 2 + u + 1 1 + 1 + 1 3 



34. lim 



v 2 — 8 



= lim 



(v — 2) (v 2 + 2v + 4) 



= lim 



v 2 + 2v + 4 _ 4 + 4 + 4 12 3 



2 v 4 — 16 v ZZ7 2 ( v — 2)(v + 2) (v 2 +4) V A IZ^ 2 (v + 2)(v 2 +4) “ (4)(8) “32 



35. lim ^ 3 = lim 



\A~ 3 



= lim 



x^9 x 9 x — > 9 (Cx-3) (Cx + 3) x — » 9 -Jx + l C9 + 3 6 

36 . Jim 4X-X 5 = Um x(4 - x) = Um x (2+^(2-^) _ 



. . , = lim x (2 + \/x) = 4(2 + 2) = 16 

x — 4 2 - -y/x x^4 2 - x/x x — > 4 2 - ^/x x — » 4 ' v / 



37. lim , x ~ 1 - = lim , /* 0(\/x + 3 + 2) i = lim <X 7 )( , V ^ T I + - = lim ( y/x + 3 + 2] = \T\ + 2 
x — > 1 \/x+3 — 2 x — * 1 (v6i+3-2) (v 6T+3 + 2) x — » 1 (x + 3)-4 X ^1\ V / V 



= 4 



38. lim 



\/x 2 + 8 - 3 



-1 



x+ 1 



= lim 



(Vx 2 + 8- 


3 ) 


^ \/x 2 + 8 + 3^ 


(x+1) ( 




x 2 + 8 + 3 3 


1 



= lim 



(x + l)(x 1) 



= lim 



= lim 



-2 _ 1 



(x 2 + 8) - 9 



11111 7 X- 11111 7 = o . o o 

x — ► — 1 (x + 1) (Cx2 + 8 + 3J x — > — 1 yx 2 + 8 + 3 3 + 3 3 



39. lim 37x2 + 13-4 = lim (V^ + n + i) = ^ (x 2 + 12)-16 

x^2 x_2 x 2 (x — 2) ( -y/x 2 + 12 + 4J x-^2 (x-2) (0t 2 + 12 + 4J 

= - lim 1 x — 2)(x + 2) _ x + 2 = 4 = 1 

x^2 (x-2)(v6?TT2 + 4) x^ 2 v / x y + T2 + 4 ^16 + 4 2 



(x + 2) (y/x 2 + 5 + 3^ (x + 2) (Vx 2 + 5 + 3 ) 



40. lim , x + 2 — = lim , , — \ , , — v — mu , „ 

x^-2 \/x 2 + 5 — 3 x^-2 (x/x 2 +5-3) (x/x 2 + 5 + 3) x -> -2 (x 2 +5)-9 



(x + 2) ( \/x 2 + 5 + 3 j 



= lim - ''K v ~rT ; = lim ^+l+ 3 = 

x > _2 (x + 2)(x — 2) x > _2 x — 2 —4 2 
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41. lift. ^23= lim , im 

x — > — 3 X + J x^-3 (x + 3) f 2 + v x 2 — 5 J x^ -3 (x + 3)(2 + Vx 2 -5J 



9 — x 2 



= lira (3 — x)(3 + x) — = lim 3-x 



— Hill ; ~~ — mil : — — urn / — 7 — it 

x -» -3 (x + 3) ^2 + -\/x 2 — 5 J x -> -3 (x + 3) (2 + \/x 2 - 5j x^-JH/x'-S 2 + V4 2 



„„ 4 _ x (4 -x)(5 + x/x^T 9) ( 4 -x) (5 + ^ + 9) 

x — » 4 5 - vA 2 + 9 x — » 4 ^5 - 7 /x 2 + 9^ (5 + \/x 2 + 9^ x — > 4 2 ^ ( x + 9 ) 



(4 - x) L + \/ x2 + 9) (4 - x) L + \/x 2 + 9i 

= lim h — 5 — l;rn - 

x — 1 4 16 " x 



- x !™4 ( 4 -x )(4 + x) 



43. lim (2sinx — 1) = 2sin0 — 1=0 — 1 = — 1 

x —> 0 



45. lim sec x = lim — — — — L = j = 1 

x > Q x > Q COSX COSO 1 



lim 5 + >f+^ = 


5 + \/25 5 

8 ~ 4 






44. lim sin 2 x = 


( lim sinx) = (sinO) 


x -> 0 


Vx^O J 


46. lim tan x = 

x — 0 


lim Max = = 2 = o 

x Q cosx cosO 1 



47 lim 1 + x + sin x 1 + 0 + sin 0 1 +0 + 0 1 

'* j 1 — >0 3cosx _ 3cos0 _ 3 _ 3 



48. x lim () (x 2 - 1)(2 — cosx) = (0 2 - l)(2-cos0) = (-1)(2- 1) = (-1)(1) = -1 



49. lim \/x + 4 cos(x + 7r) = lim v/x + 4 • lim cos(x + n) = V— 7r + 4 • cos 0=v4 — 7r-l = \/4- 

X — > — 7T v x ' X — > — 7T v X — » — 7T \ / v v v 

50. lim^i/7 + sec 2 x = lim~(7 + sec 2 x) = + hnTsec^x = \fl 4- sec 2 0 = \Jl + (1)” = 2\fl 

(b) difference and power rules 



51. (a) quotient rule 

(c) sum and constant multiple rules 



52. (a) quotient rule 

(c) difference and constant multiple rules 



(b) power and product rules 



53. (a) v lim n f(x) g(x) = | x lim,f(x)| | x lim g(x)| = (5)(— 2) = -10 

= 2(5)(— 2) = -20 

(c) lim [f(x) + 3g(x)] = lim f(x) + 3 lim g(x) = 5 + 3(-2) = -1 



(b) x lim c 2f(x) g(x) = 2 



lim f(x) 

X — > C v ' 



x'^c 



(d ) lim m = = 5 

X™C f(x) - g(x) lim f(x) -limg(x) 5— (-2) 7 



54. (a) lim [g(x) + 3] = lim g(x) + lim 3 = — 3 + 3 = 0 

x ^ 4 x ^ 4 x — * 4 

(b) lim xf(x) = lim x • lim f(x) = (4)(0) = 0 

x ^ 4 x ^ 4 x —> 4 



(c) lim [g(x)] 2 = 
x — > 4 



lim g(x) 
Lx — > 4 



(d) lim 



lim f(x) — lim 1 
x— >4 x — >4 



= 1 — 3] 2 = 9 

= — = 3 
o-i J 



55. (a) lim [f(x) + g(x)] = lim f(x) + lim g(x) = 7 + (-3) = 4 

x — > b x —> b x — > b 



(b) lim f(x) • g(x) = 

x — > b 



lim f(x) 

.x — > b 



lim g(x) 

.x — > b 



= (7 )( — 3) = -21 
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(c) lim 4g(x) = [ lim 4 ] [ lim g(x)l = (4)(— 3) = -12 

(d) lim f(x)/g(x) = lim f(x)/ lim g(x) = ^ = - | 

56. (a) lim [p(x) + r(x) + s(x)] = lim p(x) + lim r(x) + lim s(x) = 4 + 0 + (—3) = 1 

x — > — 2 x — > — 2 x — > — 2 x — > — 2 

(b) lim p(x) • r(x) • s(x) = [ lim p(x)l [ lim r(x)l [ lim s(x)l = (4)(0)(— 3) = 0 

(c) lim [ — 4p(x) + 5r(x)]/s(x) = -4 lim p(x) + 5 lim r(x) / lim s(x) = [-4(4) + 5(0)]/— 3 = ¥ 

57 . lim (1+h . )2 ~ 12 = lim 1 + 2h + h2 ~ 1 = lim ht2+h) = lim (2 + h) = 2 



58. lim <- 2 + h >'-<~ 2 > 2 = ii m 4-4h+h?-4 = lim Wh_4) = lim ( h _ 4 ) = _ 4 
h — 0 h h — > 0 h h -> 0 h h^O 



59. lim [3( 2 + m-4]- [3( 2)-4] = lim » = 3 
h — 0 h Iw 0 h 



60. lim ( - 2 H = lim = lim ~ 2 ,C ( ~ 2 + y = li m = - 1 

h — 0 h h-^0 ~ h h->0 - 2h (-2 + h) h -+ 0 h < 4 -2h) 4 



61. lim 4^-41 = lim (v^h-v^jv ^ Urf 
h — 0 h h — > 0 h ( Jl -f h + \/7 ) 



= lim 



(7 + h) - 7 



= lim 



= lim 



11111 — 7 — r=\- — 11111 — 7 — r=\- — 11111 — 7 7= 

h — > 0 h ^-\/7 + h-|- y/lj h — > 0 h [y/l+h+y/lj h — > 0 v7+h+V7 



62. lim * 

h — 0 

= lim 



/3(0 + h) + l- ^3(0) + 1 
h 

3 _ 3 



= lim + = lim (3h + 1J — 1 = lim 3h 

h^O h(x/3h+l+ l) h — 0 h(^3h+l + l) h = 0 h(x/3h+l + l) 



h T 0 CaTI+i - 2 



63. lim \/5 — 2x 2 = 3/5 — 2(0) 2 = 3/5 and lim 3/5 — x 2 = 3/5 — (0) 2 = 3/5; by the sandwich theorem, 

x — > 0 x — > 0 

lim f(x) = y/5 

x — > 0 

64. lim (2 — x 2 ) =2 — 0 = 2 and lim 2 cos x = 2(1) = 2; by the sandwich theorem, lim g(x) = 2 

x = 0 x = 0 x^O 



65. (a) lim ( 1 — = ) = 1 — § = 1 and lim 1 = 1 ; by the sandwich theorem, lim , x ,f n x = 1 

W x^0\ 6 / 6 x — > 0 2 x — > 0 2—2 cos x 



(b) For x / 0, y = (x sin x)/(2 — 2 cos x) 
lies between the other two graphs in the 
figure, and the graphs converge as x — > 0. 



y = (x sin x)/(2 - 2 cos x) 



h(x) = 1 



g(x) = 1 - (x /6) - 



5. (a) lim ( s ) = lim 1 — lim ^ = I — 0 = b and lim 1 = i; by the sandwich theorem, 

x^OV 2 24 7 x ^0 2 x = 0 24 2 2 x = 0 2 2 4 



1— COS X 1 
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(b) For all x/0, the graph of f(x) = ( 1 — cos x)/x 2 
lies between the line y = ij and the parabola 
y = i — x 2 /24, and the graphs converge as x — » 0. 



y 




f(x) = (x 2 - 

X 


9)/(x + 3) 

-3.1 


-3.01 


-3.001 


-3.0001 


-3.00001 


-3.000001 


f(x) 


-6.1 


-6.01 


-6.001 


-6.0001 


-6.00001 


-6.000001 


X 


-2.9 


-2.99 


-2.999 


-2.9999 


-2.99999 


-2.999999 


f(x) 


-5.9 


-5.99 


-5.999 


-5.9999 


-5.99999 


-5.999999 



The estimate is lim f(x) = —6. 

x — > -3 




(c) f(x) = = (x + x 3 + x 3 3) = x — 3 if x ^ —3, and lim (x — 3) = — 3 — 3 = —6. 



68. (a) g(x) = (x 2 - 2)/ (x - y/lj 



X 


1.4 


1.41 


1.414 


1.4142 


1.41421 


1.414213 


g(x) 


2.81421 


2.82421 


2.82821 


2.828413 


2.828423 


2.828426 



4 1 ^ 

S( x ) = (x 2 - 2)/(x - -^2) 

(c) g(x) = = ( + ^ ^ s ^ = x + \fl if x ^ y/2, and lim (x + y/l) = \Jl + \fl = 2\fl. 

x -v2 (x-^2] ) 




69. (a) G(x) = (x + 6)/ (x 2 + 4x - 12) 



X 


-5.9 


-5.99 


-5.999 


-5.9999 


-5.99999 


-5.999999 


G(x) 


-.126582 


-.1251564 


-.1250156 


-.1250015 


-.1250001 


-.1250000 


X 


-6.1 


-6.01 


-6.001 


-6.0001 


-6.00001 


-6.000001 


G(x) 


-.123456 


-.124843 


-.124984 


-.124998 


-.124999 


-.124999 
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-0.125. 



70. (a) h(x) = (x 2 - 2x - 3) / (x 2 - 4x + 3) 



X 


2.9 


2.99 


2.999 


2.9999 


2.99999 


2.999999 


h(x) 


2.052631 


2.005025 


2.000500 


2.000050 


2.000005 


2.0000005 


X 


3.1 


3.01 


3.001 


3.0001 


3.00001 


3.000001 


h(x) 


1.952380 


1.995024 


1.999500 


1.999950 


1.999995 


1.999999 





(c) f(x) 



x 2 - 1 

I x | 1 



(x +iXx- 1 ) = x + 1( x > 0 and x / 1 
fX _(x + i) = 1 — x, x < 0 and x ^ — 1 



and lim 

X — > — 1 



(1 — X) = 1 — (— 1 ) = 2 . 
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F(x) = 


(x 2 + 3x + 2)/(2 


-|x|) 










X 




-2.1 


-2.01 


-2.001 


-2.0001 


-2.00001 


-2.000001 


F(x) 




-1.1 


-1.01 


-1.001 


-1.0001 


-1.00001 


-1.000001 


X 




-1.9 


-1.99 


-1.999 


-1.9999 


-1.99999 


-1.999999 


F(x) 


-.9 


-.99 


-.999 


-.9999 


-.99999 


-.999999 



(b) 




F(x) = ( x 2 + 3a- + 2)/(2 - |a|) 



(c) F(x) 



x 2 + 3x + 2 

2 — l x | 



(X+ 2 2 -x +1 \ X > 0 

(X+ 2 + x +1) = x + 1, x < 0 and x ^ 



, and lim (x + 1) = —2 + 1 = — 1. 

-2 x — > —2 v 



73. (a) g(0) = (sin 9)19 



e 


,i 


.01 


.001 


.0001 


.00001 


.000001 


m 


.998334 


.999983 


.999999 


.999999 


.999999 


.999999 


e 


-.1 


-.01 


-.001 


-.0001 


-.00001 


-.000001 


m 


.998334 


.999983 


.999999 


.999999 


.999999 


.999999 



lim g ( 9 ) = 1 




74. (a) G(t) = (1 — cos t)/t 2 



t 


.1 


.01 


.001 


.0001 


.00001 


.000001 


G(t) 


.499583 


.499995 


.499999 


.5 


.5 


.5 


t 


-.1 


-.01 


-.001 


-.0001 


-.00001 


-.000001 


G(t) 


.499583 


.499995 


.499999 


.5 


.5 


.5 



lim G(t) = 0.5 



0 




Graph is NOT TO SCALE 
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75. lim f(x) exists at those points c where lim x 4 = lim x 2 . Thus, c 4 = c 2 => c 2 (1 — c 2 ) = 0 => c = 0, 1, or — 1. 

Moreover, lim f(x) = lim x 2 = 0 and lim f(x) = lim f(x) = 1 . 

x = 0 x^O x - I x^l 



76. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions of the 
sandwich theorem are satisfied, lim f(x) — 5 A 0. 

x 2 ^ 



^ lim f(x) — lim 5 lim f(x) — 5 

77. 1 = lim ^ = x=4 = x-4 > 

x 4 x— 2 lim x — lim 2 4 — 2 



lim f(x) - 5 = 2(1) => lim f(x) = 2 + 5 = 7. 

x — > 4 x — > 4 



78. (a) 1 = lim 

x -)• -2 



gx) _ 


lim f(x) 
x^-2 v 7 


X 2 


lim x 2 
x — * — 2 


f(x) _ 

X 2 “ 


lim 

Lx -> -2 


| t 
1 1 


f(x) — 5 " 
x — 2 



lim f(x) = 4. 

x -» -2 



tW = _ 2 _ 



= lim 

x -> 2 



(^) ( x - 2 )] = x lil44 2 t f ( x ) - 5] = x lim 2 f(x) - 5 



lim f(x) = 5. 

x -> 2 



(b) 0 = 4-0= lim f(x) _ „ 5 lim (x — 2) =>- lim f(x) = 5 as in part (a). 

_x = 2 x/ JLx^2 J x ^ 2 



). (a) 0=1-0= lim lim x = lim lim x 2 = lim - x 2 = lim f(x). That is, lim f(x) = 0 

.x^0 x J Lx-»0 J lx ^ 0 x J lx ^ 0 J x^0 [ x J x^0 x = 0 

(b) 0=1-0= lim lim x = lim Sr - x = lim — That is, lim — = 0. 

Lx = 0 x J Lx 0 J x = 0 L x J x ^ 0 x x ^ 0 x 




(b) — 1 < sin i < 1 for x/0: 

x > 0 => — x < x sin - < x => lim x sin 1 =0 by the sandwich theorem; 

- x - x — » 0 x 

x < 0 => — x > x sin - > x => lim x sin 1 = 0 by the sandwich theorem. 

“ x “ x =0 x 
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Section 2.3 The Precise Definition of a Limit 

(b) — 1 < cos (4) < 1 for x ^ 0 =>■ — x 2 < x 2 cos (^) < x 2 =>■ lirn ^ x 2 cos (^) = 0 by the sandwich 
theorem since lim x 2 = 0. 

x — ’ 0 

83-88. Example CAS commands: 

Maple : 

f := x -> (x A 4 - 16)/(x - 2); 
xO := 2; 

plot( f(x), x = x0-l..x0+l, color = black, 
title = "Section 2.2, #83(a)" ); 
limit( f(x), x = xO ); 

In Exercise 85, note that the standard cube root, x A (l/3), is not defined for x<0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+l, 3) — l)/x. 

Mathematica : (assigned function and values for xO and h may vary) 

Clearff, x] 

f[x_]:=(x 3 - x 2 - 5x - 3)/(x + l) 2 
x0= — 1 ; h = 0.1; 

Plot[f[x],{x, xO — h, xO + h}J 
Limit [f|x],x — > xO] 

2.3 THE PRECISE DEFINITION OF A LIMIT 



Step 1: |x — 5| < <5 => — 6 <x — 5 < 6 => -6 + 5<x<<5 + 5 

Step 2: 6 + 5 = 7 =>6 = 2, or -6 + 5 = 1 ^ 6 = 4. 

The value of 6 which assures |x — 5 1 < <5 => l<x<7is the smaller value, 6 = 2. 

2. 

*~t — * ) -x 

1 2 7 

Step 1: |x — 2| <6 => -6 < x - 2 < 6 => -6 + 2<x<6 + 2 

Step 2: —6 + 2=1 => 6=1, or 6 + 2 = 7 => 6 = 5. 

The value of 6 which assures |x — 2\ < 6 => l<x<7is the smaller value, (5=1. 

3 -{ — 1 +- ►* 

- 7 / 2-3 - 1/2 

Step 1: jx - (-3)| <6 => -<5<x + 3<(5 => -6-3<x<6-3 

Step 2: —6 — 3 = — | => 6 = or 6 — 3 = — ^ => <5 = 

The value of 6 which assures |x — (— 3)| <6 => — l < x < — is the smaller value, 6 = L 

4. 

( 1 ) ►x 

__L _ 3_ j_ 

2 2 2 

Step 1: |x — (- |)| <6 => -6 < x + | < 6 => — — |<x<«5 — § 

Step 2: — <5 — | = — | => 6 = 2, or 6 — | = — | => 6=1. 

The value of 6 which assures |x — (— f ) | < 6 => — |<x<— |is the smaller value, 6 = 1. 

5 — £ 1 

4/9 1/2 4/7 

Step 1: fx - 1 1 < 6 => -6 < x - | < 6 => -6+|<x<6+ 2 
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Step 2: —8 + \ = | => 6 — or S + \ — ^ => 8 = L. 

The value of <5 which assures |x — 1 1 < 5 => | < x < | is the smaller value, <5 = yg. 

6 . 

< ( 1 ) ► x 

2.7591 3 3.2391 

Step 1: |x — 3| <6 => -8 < x — 3 < 8 => —8 + 3<x<8 + 3 

Step 2: — 5 + 3 = 2.7591 =>• 8 = 0.2409, or <5 + 3 = 3.2391 => <5 = 0.2391. 

The value of 8 which assures |x — 3 1 < 8 => 2.7591 < x < 3.2391 is the smaller value, 8 = 0.2391. 

7. Step 1: |x — 5 | < <5 => -8 < x - 5 < 8 =$■ -8 + 5<x<8 + 5 

Step 2: From the graph, —8 + 5 = 4.9 => 8 = 0.1, or <5 + 5 = 5.1 => <5 = 0.1; thus 8 = 0.1 in either case. 

8 . Step 1: |x- (— 3)| < 8 =s> -8 < x + 3 < 8 => -8- 3 < x < 8 - 3 

Step 2: From the graph, —8 — 3 = —3.1 =>■ 8 = 0.1, or 8 — 3 = —2.9 =>■ 8 = 0.1; thus 8 = 0.1. 

9. Step 1: |x — 1 1 < <5 => — <5 < x — 1 < <5 => -<5+1 <x<<5+1 

Step 2: From the graph, —8 + l = fg =4* <5=-j^,or<5+l = y| => <5 = ^; thus ^ = pp 

10. Step 1: |x — 3| < <5 => -<5 < x - 3 < <5 =» -<5 + 3<x<<5 + 3 

Step 2: From the graph, —8 + 3 = 2.61 =>■ 8 = 0.39, or 8 + 3 = 3.41 =$■ 8 = 0.41; thus 8 = 0.39. 

11. Step 1: |x — 2| < <5 => -8 < x - 2 < <5 => -<5 + 2<x<<5 + 2 

Step 2: From the graph, -8 + 2 = a/3 8 = 2- a/ 3 « 0.2679, or <5 + 2 = 8=^/5- 2 « 0.2361; 

thus 8 = v/5 — 2 . 

12. Step 1: |x — (— 1)| <8 => -8 <x+l<8 => -<5 - 1 < x < <5 - 1 

Step 2: From the graph, -<5 - 1 = - ^ ^ s = ~ 0.1 180, or 8 - 1 = - ^ => 8 = « 0.1340; 

thus 8 = v/ ^ 2 ~ 2 . 

13. Step 1: |x — ( — 1)| < <5 => -<5 < x + 1 < <5 => -8 - 1 < x < 8 - 1 

Step 2: From the graph, — 8 — 1 = — y => 8 = | « 0.77, or 5 — 1 = — =>• ^ = 0.36; thus 5 = ^ = 0.36. 

14. Step 1: | x ^ 5 1 < <5 5 < x — \ <8 => — <5+|<x<<5+y 

Step 2: From the graph, — 8 + \ = => 8 = \ — ^ ~ 0.00248, or <5 + \ = ^ => <5 = , ' 99 — \ « 0.00251; 

thus 6 = 0.00248. 

15. Step 1: | (x + 1) — 5| <0.01 => |x - 4| <0.01 => -0.01 <x-4<0.01 => 3.99 < x < 4.01 

Step 2: |x — 4| < <5 => -<5<x-4<<5=> -<5 + 4<x<<5 + 4=><5 = 0.01. 

16. Step 1 : | (2x — 2) — (— 6 )| < 0.02 => |2x + 4| < 0.02 => -0.02 < 2x + 4 < 0.02 =*► -4.02 < 2x < -3.98 

=> -2.01 < x < -1.99 

Step 2: |x - (— 2)| <8 => -8 <x + 2<8 => - 8-2<x<8-2 =>• 8 = 0.01. 

17. Step 1: V* + 1 - 1 < 0 - 1 => -0-1 < V x + 1 “ 1 < 0.1 => 0.9 < V x + 1 < LI => 0.81 < x + 1 < 1.21 

=> -0.19 < x < 0.21 

Step 2: |x - 0| < 8 => -8 <x< 8. Then, -8 = -0.19 => 8 = 0.19 or 6 = 0.21; thus, 8 = 0.19. 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




Section 2.3 The Precise Definition of a Limit 57 



18. Step 1: l^/x- i| < 0.1 =* -0.1 < fx - \ < 0.1 =+ 0.4 < f x < 0.6 =+ 0.16 < x < 0.36 

Step 2: |x— =+ -5 < x - i < 5 =+ “5+i<x<5+i. 

Then, -5 + \ = 0.16 => 5 = 0.09 or 5 + i = 0.36 =+ 5 = 0.11; thus 5 = 0.09. 

19. Step 1: f 19-x - 3 < 1 => -1 < fl9 -x - 3 < 1 => 2 < fl9-x <4 =+ 4<19-x<16 

=+ — 4 > x — 19 > — 16 => 15>x>3or3<x<15 
Step 2: |x - 10| < 5 => -5 < x - 10 < 5 =+ -5 + 10 < x < 5 + 10. 

Then -5+10 = 3 => 8 = 7, or 8 + 10 = 15 =+ 5 = 5; thus 5 = 5. 

20. Step 1; y/x - 7 - 4 < 1 => -1 < y/x - 7 - 4 < 1 +> 3 < y/x-7 <5 =+ 9<x-7<25 =+ 16<x<32 

Step 2: |x - 23| < 5 => -5 < x - 23 < 5 =+ -5 + 23 < x < 5 + 23. 

Then -5 + 23 = 16 +> 5 = 7. or 5 + 23 = 32 =+ 5 = 9; thus 5 = 7. 

21. Step 1: | i — i| < 0.05 =+ -0.05 < i - \ < 0.05 => 0.2 < \ < 0.3 => f > x > f or f < x < 5. 

Step 2: |x — 4| <5 => — 5 < x — 4 < 5 => — 5 + 4<x<5 + 4. 

Then —5 + 4= f or 5 = | , or 5 + 4 = 5 or 5 = 1; thus 5 = | . 

22. Step 1: |x 2 - 3| < 0.1 =+ -0.1 < x 2 - 3 < 0.1 =+ 2.9 < x 2 < 3.1 =+ y/Z9 <x< y/H 

Step 2: x - a/3 < 5 =+ -5 < x - y/3 <5 => -5+y/3< x <<5'+y/3- 

Then -5 + y/ 3 = y/^9 =+ 5 = y/3 ~ a/ 25) « 0.0291, or 5 + a/ 3 = y/3+ +> 5 = y/3+ - y/3 « 0.0286; 
thus 5 = 0.0286. 

23. Step 1: |x 2 - 4| < 0.5 => -0.5 < x 2 - 4 < 0.5 =+ 3.5 < x 2 < 4.5 =+ V^5 < |x| < y^ => - y^ <x< -y/l5, 

for x near —2. 

Step 2: |x - (— 2)| <5 => -5<x + 2<5 =+ -5-2<x<5-2. 

Then —5 — 2 = — y/+5 =+ 5 = y^ - 2 « 0.1213, or 5 - 2 = -a/+5 =+ 5 = 2 - y/3^ « 0.1292; 
thus 5 = y/+5 — 2 « 0.12. 

24. Step 1: |/-(-l)| <0.1 =+ -0.1 < \ + 1 < 0.1 =+ - T5 < 7 < ^ TO =► - TT> x >-f or -T< x <-TT- 

Step 2: |x — ( — 1 )| <5 =+ — 5<x+l<5 =+ — 5— l<x<5 — 1. 

Then — 5 — 1 = — f => 5 = / or 5 — 1 = — f =+ 5=/; thus 5 = f. 

25. Step 1: |(x 2 — 5) — 1 1 1 < 1 =+ |x 2 - 16| < 1 =+ -1 < x 2 - 16 < 1 => 15 < x 2 < 17 => y/\5 < x < a/17. 

Step 2: |x — 4| < 5 => — 5 < x — 4 < 5 => — 5 + 4<x<5 + 4. 

Then -5 + 4 = y/l5 =+5 = 4- a/T? « 0.1270, or 5 + 4 = y^D => 5 = \f\7 - 4 « 0.1231; 

thus 5= a/17 — 4 « 0.12. 

26. Step 1: | if - 5| < 1 +> -1 < if - 5 < 1 =+ 4 < if < 6 +> 5 > ifo > S 30>x>20or20<x<30. 

Step 2: |x - 24 1 < 5 =+ -5 < x - 24 < 5 +> -5 + 24 < x < 5 + 24. 

Then -5 + 24 = 20 =+ 8 = 4, or 5 + 24 = 30 +> 5 = 6; thus ^5 = 4. 



27. Step 1; 
Step 2: 



|mx — 2m| < 0.03 => —0.03 < mx — 2m < 0.03 =+ —0.03 + 2m < mx < 0.03 + 2m =+ 

2 _ 003 < x < 2 + — . 
m m 

|x — 2| <5 =+ — 5 < x — 2 < 5 =+ — 5 + 2<x<5 + 2. 

Then -5 + 2 = 2- ^ => 8 = m , or 5 + 2 = 2+ ^ => 5 = ^. In either case , 8 = m . 

m m 7 m m 7 m 
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28. Step 1: |mx — 3m| < c => — c < mx — 3m < c =>■ — c + 3m < mx < c + 3m => 3 — ^<x<3 + ^ 

Step 2: |x-3| <0 => — 0 < x — 3 < 0 => — 0 + 3<*<0 + 3. 

Then —0 + 3 = 3—^ => 0=^, or 0 + 3 = 3+ ^ => 0 = In either case, 0 = 



29. Step 1: 
Step 2: 



| (mx + b) - (“ + b) | < c => -c<mx-|<c => -c+”<mx<c+f => i-^<x<l + ^. 

|x § | < 0 =+ -0<X-1<0 =>• — 0+3<X<0+i. 

Then —0 + 3 = 1 — - => 0 = — , or 0+3 = 1 + — => 0 = — . In either case, 0 = — . 

22m m ’ 2 2m m ’ m 



30. Step 1: 
Step 2: 



|(mx + b) — (m + b)| < 0.05 

=> 1 - 2=0$ < x < 1 + 



-0.05 < mx — m < 0.05 



-0.05 + m < mx < 0.05 + m 



|x — 1 1 < 0 => — 0 < x — 1 < 0 => — 0 + 1 <X<0 + 1. 

Then —0 + 1 = 1 — — => 0 = or 0 + 1 = 1 + — =>• 0 = — . In either case, 0 = — . 

m m 7 m m 7 m 



31. lim (3 — 2x) = 3 — 2(3) = -3 

x — > 3 

Step 1: |(3 - 2x) - (— 3)| < 0.02 +> -0.02 < 6 - 2x < 0.02 +> -6.02 < -2x < -5.98 +> 3.01 > x > 2.99 or 

2.99 < x < 3.01. 

Step 2: 0 < |x — 3 1 < 0 => -0 < x - 3 < 0 +> -0 + 3<x<0 + 3. 

Then -0 + 3 = 2.99 +> 0 = 0.01, or 0 + 3 = 3.01 +> 0 = 0.01; thus 0 = 0.01. 



32. lim (— 3x - 2) = (— 3)(— 1) -2=1 

X — > — 1 

Step 1: |(— 3x — 2) — 1 1 < 0.03 => -0.03 < -3x - 3 < 0.03 => 0.01 > x + 1 > -0.01 => -1.01 < x < -0.99. 

Step 2: |x — ( — 1)| < 0 => — 0<x+l<0 => — 0— l<x<0— 1. 

Then -0 - 1 = -1.01 +> 0 = 0.01, or 0 - 1 = -0.99 => 0 = 0.01; thus 0 = 0.01. 



33. 



lim x 

x = 2 x 

Step 1: 



= lim 

x -> 2 

m 



(x + 2)(x ~ 2) = lim ( X + 2) = 2 + 2 = 4, x + 2 

(x-2) x — » 2 V ^ 



< 0.05 



A AC ^ (x + 2)(x — 2) 

u.UJ (x-2) 



4 < 0.05 



3.95 < x + 2 < 4.05, x / 2 



+> 1.95 < x < 2.05, x ^2. 

Step 2: |x — 2| < 0 => -0 < x - 2 < 0 => -0 + 2<x<0 + 2. 

Then -0 + 2 = 1.95 +> 0 = 0.05, or 0 + 2 = 2.05 +> 0 = 0.05; thus 0 = 0.05. 



34. lim 

x — > -5 

Step 1: 



x +i x C 5 = lim 
x + 5 x — > — 5 

! + 6x + 5 \ 
i + 5 



(x + 5Xx+n= lim 



(x + 5) 






J 



(-4) 



(x+ 1) = -4, x / -5. 

—o 

-0.05 < (x + x 5 ^ x + 1) + 4 < 0.05 



Step 2: 



<0.05 => - 
=>■ -5.05 < x < —4.95, x -5. 

|x - (—5)| <0 =+ — 0 < x + 5 < 0 => — 0-5<x<0-5. 

Then -0 - 5 = -5.05 +> 0 = 0.05, or 0 - 5 = -4.95 => 0 = 0.05; thus 0 = 0.05 



=+ -4.05 < x + 1 < -3.95, x 7^ —5 



35. lim y/\ -5x = Wl - 5(-3) = ^/l6 = 4 

x — » — 3 



Step 1: 



y/1 -5x-4 



<0.5 => 



-0.5 < y/l - 5x - 4 < 0.5 => 3.5 < y/l - 5x < 4.5 =+ 12.25 < 1 - 5x < 20.25 



+> 11.25 < — 5x < 19.25 => -3.85 < x < -2.25. 

Step 2: |x - (— 3)| <0 =+ -0<x + 3<0 +> -0-3<x<0-3. 

Then -0 - 3 = -3.85 +> 0 = 0.85, or 0 - 3 = -2.25 => 0.75; thus 0 = 0.75. 



36. lim - 

x -> 2 x 

Step 1: 



= 4=2 

2 -4 

I 7 - 2| < 0.4 +> -0.4 < j — 2 < 0.4 => 1.6 < j < 2.4 => {§ > | > ^ =+ ^>x>^orf<x<§. 
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Step 2: |x — 2| <5 + -5 < x - 2 < 5 + -5 + 2<x<5 + 2. 

Then — 5 + 2 = | + 5=|,or5 + 2 = | + 6 = thus 5 = |. 



37. Step 1: | (9 — x) — 5 1 < e + — e < 4 — x < e + — e — 4<— x < e — 4+e+4>x>4— e + 4 — e < x < 4 + e. 

Step 2: |x — 4| < <5 + — 6 <x — 4 < 8 + — 5 + 4<x<5 + 4. 

Then —6 + 4 = — e + 4 + 5 = e, or5 + 4 = e + 4 + 8 — e. Thus choose 8 = e. 



38. Step 1: 
Step 2: 

39. Step 1: 
Step 2: 

40. Step 1: 
Step 2: 

41. Step 1: 
Step 2: 



42. Step 1: 
Step 2: 



43. Step 1 : 
Step 2: 



44. Step 1: 



|(3x — 7) — 2| < e + — e < 3x — 9 < e + 9 — e<3x<9 + e + 3 — | < x < 3 + |. 
jx — 3| < 8 + —8 < x — 3 < 8 + — 8 + 3<x<5 + 3. 

Then —8 + 3 = 3 — j + 5=|,or5 + 3 = 3+ | + 8 = |. Thus choose 8 = |. 



yf x — 5 — 2j < e + — e < y/x — 5 — 2 < e + 2 — e < y/x — 5 <2 + e + (2 — e) 2 < x — 5 < (2 + e) 2 

+ (2 - e) 2 + 5 < x < (2 + e) 2 + 5. 

|x — 9| < <5 + — 5 < x — 9 < 5 + -5 + 9<x<5 + 9. 

Then —8 + 9 = e 2 — 4e + 9 + 8 = 4e — e 2 , or 8 + 9 = e 2 + 4e + 9 + 8 = 4e + e 2 . Thus choose 

the smaller distance, 8 = 4e — e 2 . 



y/T- 



< e + — e < y/ A — x — 2 < e + 2 — e < \/4 — x < 2 + e + (2 — e) 2 < 4 — x < (2 + e) 2 

-(2 + e) 2 + 4 < x < -(2 - e) 2 + 4. 



+ —(2 + e) 2 < x — 4 < -(2 - e) 2 = 

|x - 0| < 8 + -8 < x < 8. 

Then —8 = —(2 + e) 2 + 4 = — e 2 — 4e + 8 = 4e + e 2 , or 8 = —(2 — e) 2 + 4 = 4e — e 2 . Thus choose 
the smaller distance, 8 = 4e — e 2 . 



For x/1, |x 2 — 1 1 < e + -e < x 2 - 1 < e + l-e<x 2 <l + e + yj 1 - e < |x| < y / 1 + e 
+ yA ~ e < x < a/ 1 + e near x = 1. 

|x — 1| < <5 + — 8 <x — 1 < 5 + — 8 Tl < x < 6 4“ 1. 

Then — 8 4- 1 = y/ 1 — e + 5 = 1 — \/ 1 — e, or 5 + 1 = y/l + e + 5 = a/ 1 + e — 1 . Choose 

8 — min |l — y/ 1 — e, y/l + e — 1 j, that is, the smaller of the two distances. 

For x ^ -2, |x 2 — 4| < e + -e < x 2 - 4 < e + 4 — e<x 2 <4 + e + yj 4 - e < |x| < yj 4 + e 

+ — yj 4 + e < x < — yj 4 — e near x = —2. 

|x - (-2)| <8 + — 5 < x + 2 < 5 + — 5 — 2<x<5 — 2. 

Then —5 — 2 = — y/4 + e + 5 = yj 4 4- 1 — 2, or 5 — 2 = — a/ 4 — e + 5 = 2— y/ 4 — t. Choose 
5 = min | yA + e — 2, 2 — yA — e j . 

lx 1 1 < e + -e<i-l<e+ l- e <l<l + e + ^ < x < ^ 

|x — 1 1 <5 + — 5 < x — 1 < 5 + 1-5 <x<1 + 5. 

Then 1-5=^ + 5=1-^ = ^, or 1 + 5= ^ + 5= ^-1 = ^. 

Choose 5 = . ( , the smaller of the two distances. 

l + f 



■3 f < e 

x z 3 



C< x 2 3 <e ^3 e< x :!< 3 +e ^ > 



1 — 3e , 1 ^ l+3e 
3 ^ x 2 ^ 3 



J_ > x 2 > _J_ 
-3f ^ x ^ l+3e 



\frh~e < w < /S’ or \[rhi < x < ys for x near ^ / ^- 
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Step 2: x-V / 3<<5=>-<5<x- 1 /3<<5=>V / 3-<5<x<V / 3 + (5. 

Then \/3 - 6 = =► 6 = ^3 - or y/3 + « = t/S =► 8 = - ^3. 



Choose 5 = min < y3 



I 3 / 3 

1 + 3e ’ V 1 - 3e 



45. Step 1: ( 7 +y) — (— 6 ) < e => — e < (x — 3) + 6 < e, x ^ — 3 => — e < x + 3 < e 

Step 2: |x - (— 3)| <6 => -6 < x + 3 < 6 =+ -6-3<x<6-3. 

Then — 6 — 3 = — e — 3 =+ 8 = e, or 6 — 3 = e — 3 => 8 = e. Choose 8 = e. 

46. Step 1: ( x^f) — 2 < e => — e < (x + 1) — 2 < e, x / 1 => 1 — e<x<l + e. 

Step 2: |x — 1| < 8 => —8<x—l<8 => 1 — 6 <x<l + 6 . 

Then 1 — 5 = 1 — e => 8 = e, orl +6 = l + e => 6 = e. Choose 8 = e. 



47. 


Step 1: 


x < 1: 


1(4- 


-2x) 


-2| < 


e => 0 < 2 — 2x < e 


since x < 1 


. Thus, 1 — f < x < 0; 






x > 1: 


|(6x 


-4) 


— 2| < 


e =>■ 0 < 6x — 6 < e 


since x > 1 


. Thus, 1 < x < 1 + |. 




Step 2: 


|x — 1| 


< 8 


=> - 


-8 < x 


- 1 < 6 => 1 - 8 < x 


+ 

V 








Then 1 


-8- 


= 1 - 


-f =* 


6 = or 1 + 6=1 + 


I =* * = 


|. Choose 8 — 


48. 


Step 1: 


x < 0: 


|2x - 


- 0 < e => 


— e < 2x < 0 =+ - | 


< X < 0; 








x > 0: 


1 X 
1 2 


• 0 < e =+ 


4J 

CM 

V 

X 

VI 

0 








Step 2: 


|x-0| 


< 6 


=> - 


-6 < x 


< 8. 










Then - 


- 8 = 


e 

2 


=► 8 = 


■■ |, or 6 = 2 e =+ 8 — 


2e. Choose 


«=§• 



49. By the figure, — x < x sin - < x for all x > 0 and — x > x sin - > x for x < 0. Since lim (— x) = lim x = 0, 

J ° “ x_ — x_ x^O x^O 

then by the sandwich theorem, in either case, lim x sin - = 0 . 

50. By the figure, — x 2 < x 2 sin 1 < x 2 for all x except possibly at x = 0. Since lim^ (— x 2 ) = lim^ x 2 = 0, then 
by the sandwich theorem, lim x 2 sin - — 0 . 

J x — * 0 x 

51. As x approaches the value 0, the values of g(x) approach k. Thus for every number e > 0, there exists a 8 > 0 
such that 0 < |x — 0 | < 8 => |g(x) — k| < e. 

52. Write x = h + c. Then 0 < |x — c| < 8 <+> — 8 < x — c < 8, x 7 ^ c <+> - 
o -8 < h < 6, h ^ 0 ^ 0 < |h - 0 | < 8. 

Thus, limf(x) = L <+• for any e > 0, there exists 8 > 0 such that |l’(x) - 

X — >C 

+> |f(h + c) — L| < e whenever 0 < |h — 0| < 8 <+- lim f(h + c) = L 

h — >0 

53. Letf(x) = x 2 . The function values do get closer to — 1 as x approaches 0, but lim f(x) = 0, not — 1. The 

x — > 0 

function f(x) = x 2 never gets arbitrarily close to — 1 for x near 0 . 



8 < (h + c) -c<^,h + c/ c 
L| < e whenever 0 < |x — c| < 8 
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54. Let f(x) = sin x, L = 1 and Xo = 0. There exists a value of x (namely, x = |) for which sin x — L < e for any given 
e > 0. However, lirn^ sin x = 0, not ' . The wrong statement does not require x to be arbitrarily close to x () . As another) 
example, let g(x) = sin 1, L = |, and x 0 = 0. We can choose infinitely many values of x near 0 such that sin i = | as 
you can see from the accompanying figure. However, lim i sin 1 fails to exist. The wrong statement does not require all 
values of x arbitrarily close to Xo = 0 to lie within e > 0 of L = \ . Again you can see from the figure that there are also 
infinitely many values of x near 0 such that sin 1=0. If we choose e < 1 we cannot satisfy the inequality 
| sin 1 — 1 1 < e for all values of x sufficiently near x 0 = 0. 




55. |A — 9| < 0.01 =>• -0.01 < t r (§) 2 - 9 < 0.01 8.99 < < 9.01 => | (8.99) < x 2 < \ (9.01) 

=> 2^j ^ < x < 2yJ ^1 or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 
endpoint was rounded down. 

56. V = R1 => | =1 => || -5| < 0.1 => -0.1 < IjP -5 < 0.1 => 4.9 < ^ < 5.1 => 55 > ^ ^ => 

(i20«j0) < R < O20K10) ^ 23.53 < R < 24.48. 

To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 

57. (a) -8 < x - 1 < 0 =>• 1 - <5 < x < 1 => f(x) = x. Then |f(x) — 2| = |x — 2|=2 — x>2— 1 = 1. That is, 

|f(x) — 21 > 1 > 1 no matter how small <5 is taken when 1 — 5 < x < 1 =>■ lim f(x) 2. 

(b) 0 < x — 1 < <5 => 1 < x < 1 -f <5 => f(x) = x + 1. Then |f(x) — 1| = |(x + 1) — 1| = |x| = x > 1. That is, 

|f(x) — 11 > 1 no matter how small <5 is taken when 1 < x < 1 + <5 =>■ lim f(x) 1. 

x — > 1 

(c) -8 < x - 1 < 0 =>• 1 - 8 < x < 1 =>• f(x) = x. Then |f(x) - 1.5| = |x - 1.5| = 1.5 - x > 1.5 - 1 = 0.5. 
Also, 0 < x - l <8 => 1 < x < 1 +8 => f(x) = x+ 1. Then |f(x) - 1.5| = |(x+ 1)- 1.5| = |x-0.5| 

= x — 0.5 > 1 — 0.5 = 0.5. Thus, no matter how small <5 is taken, there exists a value of x such that 

— 8 < x - 1 < 8 but |f(x) - 1 .5 1 > \ =>■ lim i f(x) ^ 1.5. 

58. (a) For 2 < x < 2 + <5 => h(x) = 2 =>■ |h(x) — 4| —2. Thus for e < 2, |h(x) — 4| > e whenever 2 < x < 2 + 8 no 

matter how small we choose 8 > 0 => lim^ h(x) ^ 4. 

(b) For 2 < x < 2 + <5 =>• h(x) = 2 => |h(x) — 3| = 1. Thus for e < 1 , |h(x) — 3| > e whenever 2<x<2 + 6no 

matter how small we choose 8 > 0 => lim^ h(x) 7^ 3. 

(c) For 2 — <5 < x < 2 =>- h(x) = x 2 so |h(x) — 2| = |x 2 — 2| . No matter how small 8 > 0 is chosen, x 2 is close to 4 
when x is near 2 and to the left on the real line => |x 2 — 2| will be close to 2. Thus if e < 1, |h(x) — 2| > e 
whenever 2 — <5<x<2no mater how small we choose <5 > 0 => lirn^ h(x) 7^ 2. 
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59. (a) For 3 — 8 < x < 3 =>■ f(x) > 4.8 =$■ |f(x) — 4j > 0.8. Thus for e < 0.8, |f(x) — 4| > e whenever 

3 — 6 < x < 3 no matter how small we choose 6 > 0 => lim f(x) / 4. 

x — ► 3 

(b) For 3 < x < 3 + <5 => f(x) < 3 =>• |f(x) — 4.8 1 > 1.8. Thus for e < 1.8, |f(x) — 4.8 1 > e whenever 3 < x < 3 + 6 
no matter how small we choose 6 > 0 =>• lim f(x) / 4.8. 

x — > 3 

(c) For 3 — <5 < x < 3 =$■ f(x) > 4.8 => |f(x) — 3| > 1.8. Again, for e < 1.8, |f(x) — 3| > e whenever 3 — 6 < x < 3 

no matter how small we choose 6 > 0 => lim f(x) / 3. 

x — > 3 

60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying - 1 <3 < x < - 1 |- <3, the values of g(x) are 

near 1 => |g(x) — 2\ is near 1. Then, for e = l we have |g(x) — 2| > b for some x satisfying 

— 1 — <5 < x < — 1 + <5, or 0 < lx + 1 1 < 6 => lim g(x) 7^ 2. 

x — » — 1 

(b) Yes, lim g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1 1 < e if 0 < |x — ( — 1)| < S. 

61-66. Example CAS commands (values of del may vary for a specified eps): 

Maple : 

f := x -> (x A 4-81)/(x-3);xO := 3; 

plot( f(x), x=x0-l..x0+l, color=black, # (a) 

title="Section 2.3, #61(a)" ); 

L := limit( f(x), x=x0 ); # (b) 

epsilon := 0.2; # (c) 

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 

coloi-black, linestyle=[ 1 ,3,3], title="Section 2.3, #61(c)" ); 
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-l..x0+l ); # (d) 

delta := abs(xO-q); 

plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" ); 
for eps in [0.1, 0.005, 0.001 ] do # (e) 

q := fsolvef abs( f(x)-L ) = eps, x=x0-l..x0+l ); 
delta := abs(xO-q); 

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 

coloi-black, linestyle=Ll,3,3], title=head )); 

end do: 

Mathematica (assigned function and values for xO, eps and del may vary): 

Clearff, x] 

yl: = L — eps; y2: = L + eps; xO = 1; 
f[x_] : = (3x 2 - (7x + l)Sqrt[x] + 5)/(x - 1) 

Plot[f[x], [x, xO - 0.2, xO + 0.2}] 

L: = Limit[f[x], x — » xO] 
eps = 0.1; del = 0.2; 

Plot[{f[x], yl, y2},{x, xO — del, xO + del } , PlotRange — > [L — 2eps, L + 2eps}] 
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2.4 ONE-SIDED LIMITS 



1 . 


(a) 


True 


(b) True 


(c) False 


(d) 


True 




(e) 


True 


(f) True 


(g) False 


(h) 


False 




(i) 


False 


(j) False 


(k) True 


(1) 


False 


2. 


(a) 


True 


(b) False 


(c) False 


(d) 


True 




(e) 


True 


(f) True 


(g) True 


(h) 


True 




(i) 


True 


(j) False 


(k) True 






3. 


(a) 


lim f(x) = 

x — » 2 + 


= + 1 = 2, lim f(x) = 3 — 2 = 1 

z x — » 2 









(b) No, lim f(x) does not exist because lim f(x) ^ lim f(x) 

x ^ 2 x — ^ 2 + x ^ 2 

(c) lim f(x) = 1 + 1=3, lim f(x) =^+1=3 

X -+ 4r J X -> 4+ 2 



(d) Yes, lim f(x) = 3 because 3 = lim f(x) = lim f(x) 

x — > 4 x ^ + x-^4 + 

4. (a) lim f(x) = % = 1, lim f(x) = 3 - 2 = 1, f(2) = 2 

x -» 2+ 2 X -> 2“ 

(b) Yes, lim f(x) = 1 because 1 = lim f(x) = lim f(x) 

x ^ 2 x — » 2 + x ^ 2~ 

(c) lim f(x) = 3 — (— 1) = 4, lim f(x) = 3 — (—1) = 4 

x — > — 1 X — > -1 + 

(d) Yes, lim f(x) = 4 because 4 = lim f(x) = lim f(x) 

x -> -1 x -» -1 X -> -1+ 



5. 



(a) 

(b) 

(c) 



No, lim f(x) does not exist since sin 

x = 0 + 

lim f(x) = lim 0 = 0 

x — * 0~ X -> 0“ 

lim f(x) does not exist because lim 

X = 0 x = 0 + 



Q) does not approach any single value as x approaches 0 



f(x) does not exist 



6. (a) Yes, lim g(x) = 0 by the sandwich theorem since — y^x < g(x) < y/x when x > 0 

(b) No, lim g(x) does not exist since x /x is not defined for x < 0 

(c) No, lim g(x) does not exist since lim g(x) does not exist 

x — > 0 x — ► 0 



7. (a) 





(b) lim f(x) = 1 = lim f(x) 

x — > 1 X — > 1 + 

(c) Yes, lim f(x) = 1 since the right-hand and left-hand 

x — > 1 

limits exist and equal 1 



(b) lim f(x) = 0 = lim f(x) 

X = 1+ x — > 1 

(c) Yes, lim f(x) = 0 since the right-hand and left-hand 

X — > 1 

limits exist and equal 0 
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9. (a) domain: 0 < x < 2 

range: 0 < y < 1 and y = 2 

(b) x lin^ c f(x) exists for c belonging to 
(0, 1) U (1,2) 

(c) x = 2 

(d) x = 0 




10. (a) domain: — oo < x < oo 
range: — 1 < y < 1 

(b) x lim c f(x) exists for c belonging to 
(— oo, — 1) U (—1, 1) U (1, oo) 

(c) none 

(d) none 




1L x J im 0.5- v® = \/dS? = \/i = 1Z x 1 ™^ = VrS = ^ = 0 

13 - x i> in V to) (M) = =( 2 H^) =1 

14. x lim (^) (*?) (^) = (jh) m W) = (I) (?) (?) = 1 

15. lim CL±4h±Ws = Hm + ^ 

lw0 + h h — » 0 + V h / V \/h- + 4h + 5 + \/5 ) 

= 1im (h 2 +4h + 5) — 5 = ]jn1 h(h + 4) = 0 + 4 = 

lw0 + h(\/h 2 +4h + 5 + v / 5) tw0 + h(v/h 2 + 4h + 5 + x/5) v^+x/S 

16 lim \Z6-\/ 5h2 + Hh + 6 _ lim / x/6- ^5h 2 + llh + 6\ / x/6+ + 1 lh + 6 \ 
twO- h h-0“ V h ) \ V^+ \/5h 2 + llh + 6/ 

_ lim 6-(5h 2 + llh + 6) _ j im — h(5h + 11) _ -(0+11) _ 11 

h — > 0“ h ^\/6 + \/5h 2 + llh + 6^ h — > 0“ h ^ \/6+ \/5h 2 + llh + 6^ \/6 + \/6 2\fb 



17. (a) lim (x + 3) = lim (x + 3) 



(x+2) 



|x + 2\ = (x + 2) for x > —2) 



= lim (x + 3) = ((-2) + 3) = 1 

x -> -2+ 



(b) lim (x + 3) x ^ = lim (x + 3) 



~(x + 2) 
(x + 2) 



( | x — (— 2 1 = — (x + 2) for x < —2) 



= lim (x + 3)( — 1) = —(—2 + 3) = — 1 

x — > — 2 



18. (a) lim ^ (X ,7 U = lim ^ (X ,T 1} 

x-* 1+ l x -*l x-fl+ (x -^ 



= lim \/2x = \p2 



1+ 



(b) lim um >^Cx-i) 

v x— 1- l x_ b x-tl- -<x-l) 



|x — 1 1 = x — 1 for x > 1) 

|x — 1 1 = — (x — 1) for x < 1) 



= lim — x/2x = — v/2 

X — > 1 
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19. (a) lim ^ = f = 1 

0 = 3+ 0 3 



(b) lim = | 

0 = 3 “ 0 3 



20. (a) lim + (t- LtJ) =4-4 = 0 



(b) t lim_(t- LtJ) =4-3=1 



21. lim = i im in = j (where x = Jiff) 

0 = 0 V™ x = 0 x V ' 



22. lim = lim , , 

t = 0 1 t = 0 kt 



k sin kt _ lim k^Le^klim i|9 =k .l =k 
0=0 0 0=0 0 

sin 9 3 



23. lim = i i im Lml h. = 3 lim ^ = | lim ^ = 



■ o A y 



■ o 3 y 



4 y = 0 



0 = 0 



(where 9 — kt) 
(where 9 = 3y) 



25. lim 

X = 0 



27. lim 

X = 0 



h 


si 

-C 

II 


11 . _ 


3h 1 _ 


J lim 

3 h = 0 


- sin 3h 


\ 3 sin 3h / 


tan 2x 


= lim 

X = 0 


( sin 2x 3 
V cos 2x / _ 


= lim 

x = 0 


sin 2x 


X 


X 


x cos 2x 


2t _ 


O 1 1 m 


t 


2 lim 

t = 0 


t cos t 


tan t 


=. 11111 / 

t = o ( 


' sin t ~\ 
. cos t / 


sin t 


x esc 2x 


= lim 

X = 0 


( x 


. 1 ) 


- ( i 


cos 5x 


V sin 2x 


cos 5x / 


V 2 X 



= I • 1 = j (where 9 — 3h) 



= 2 



= 2 • 1 - 1 = 2 



n -2^- 

. q sin 2x 



) ( x !™ 0 Elk) = G • 0 (!) = 5 



28. lim 6x 2 (cot x)(csc 2x) = lim 6x ~ cos x = lim (3 cos x • -A- • -4*=) = 3 • 1 • 1 = 3 

x > Q v 7 v 7 x > q sin x sin 2x x ^ q \ sin x sin 2x / 



29. lim x + xcosx = lim (=^ — + xcosx ) = lim M M + n m =l_ 

x > q sin x cos x x > q \ sin x cos x sin x cos x / x > q V sin x cos x / x > q sin x 



x lim 0 ( + ) - x lim 0 (k)+ x lim 0 ( + ) = (1)(1)+ 1 = 



= 2 



30. lim x " x + sinx 

x = 0 



2x = x i™ (h+;(t))=0-i+1(d=o 



31. lim 



1 — COS 6 



= lim 



(1 — COS0)(1 +COS0) 



= lim 



1 — cos 2 6 



= lim 



sin 2 9 



q sin 29 q > o (2sin0cos0)(l +cos0) ^ q (2sin0cos0)(l +cos0) ^—>0 (2sin0cos0)(l +cos0) 



= lim 



sin 9 



0 -+ 0 (2cos0)(l+cos0) ~ (2) (2) 



= o 



x(l-coax) 1 — CO 

32. lim x -. x 2 c , osx = lim x(1 .~°° sx) = lim = lim , , 9 ! , 

x > Q Sin z 3x x > Q Sin z 3x x y Q sin z 3x ^ ™ 3y \ z 



= m = o 



x-0 (^) 2 Hmjpjfe) 1 



33. lim 

t = 0 



sin(l — cos t) 



1— cos t 



= lim = 1 since 0=1— cos t — > 0 as t — > 0 

d^O 6 



34. lim 



sin (sin h) 



= lim ^ = 1 since 9 = sin h — *■ 0 as h — > 0 



0 = 0 



x = 0 



sin 9 


= lim 

0 = 0 


( sin 9 


29 \ 


1 


sin 26 


\ sin 29 


' 29) 


2 


sin 5x 


= lim 

X = 0 


( sin 5x 


. lx . 


. 5\ _ 


sin 4x 


V sin 4x 


5x 


4) ~ 



0 = 0 



x = 0 
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37. lim e cos e = 0 • 1 = 0 

<9^ 0 



38. lim sin 9 cot 29 = lim sin0 ^ = lim sin 6 ,?°l 20 . u = lim = 1 



<9^0 



(9^0 



sin 26 



0^0 



2sin 6 cos 6 ^ cos ^ 2 



39. lim = lim . i ) = ii m (mfe . i . . |) 

x . Q sin 8x Y . n V cos 3x sin 8x / Y .ns cos 3x sin 8x 3x 8 / 



x — i 0 



x — i 0 



= | lim (^-) (^) ( -% ) = |-1. 1.1 = | 

8 x > Q V cos 3x / V 3x / V sin 8x / 8 8 



40. lim sm3y “ t5y = lim sin3ysi ; 4yco , s5y = lim 

y — ' T Q y cot 4y y _> 0 y COS 4y sin 5y y Q 



( sin 3y \ / sin 4y \ / cos 5y \ / 3-4-5y \ 
y J ycos4yy sin 5y ) \^3-4-5y ) 



li m ( ( “Liz 3 ! ( ^y-) ( s^ 3 ) ( 

y Lo V 3 y A A J V sin 5 y J \c°s4y) v 






41. lim 



— lim _£ 2 i»_ — lim sin e sin 3 0 _ i: ( sinfl \ ( sin3fl W 3 3 _ ( i y ( i \ ( J_3 _ o 

— um - fl mn n gi cos0cos3g ~ J™ {) l e A 3 0 Acosflcos30/ — GAGv it ) ~ J 



e “ 0 » 2 ^ B - 0 To B2 I SM 0-0 



42. 



lim 

0^0 



9 cot 40 
sin 2 0 cot 2 20 



lim 

0^0 sin 2 0 



cos 46 
sin 40 



1 - 9 cos 46 sin 2 2ft _ 1 : flcos4g (2sin9cos9) 2 

q ^ q sin 2 0cos 2 20sin40 q y q sin 2 0cos 2 20sin40 



lim 

0^0 



6 cos 40 (4sin 2 0 cos 2 0) 
sin 2 0 cos 2 20 sin 46 



i- 46 cos 46 cos 2 6 
q ¥ q cos 2 20sin40 



lim 

0^0 



( 4 6 \ ( cos 46 cos 2 6 \ 
V sin 46) cos 2 2# J 



lim 



0^0 



( \ \( cos 40 cos 2 0^ f l \ ( ll 2 \ 

V cos 2 20 ) 



= 1 



43. Yes. If lim f(x) = L = lim_ f(x), then lim f(x) = L. If lim f(x) 98 lim_ f(x), then lim f(x) does not exist. 

x ^ X 1 3 X l 3 x ^ gd X 1 3 X ^ 3 



44. Since lim f(x) — L if and only if lim f(x) = L and lim_ f(x) = L, then lim f(x) can be found by calculating 

X ^ C x ^ q+ X — ^ C X ^ C , 

lim f(x). 

x — > c"*" 



45. If f is an odd function of x, then f(— x) = — f(x). Given lim f(x) = 3, then lim f(x) = —3. 

X -> 0+ x i 0~ 

46. If f is an even function of x, then f(—x) = f(x). Given lim f(x) = 7 then lim f(x) = 7. However, nothing 

x > 2 x — * — 2 + 

can be said about lim f(x) because we don’t know lim f(x). 

X -> -2- x — 2+ 

47. I = (5, 5 + 8 ) =4> 5 < x < 5 + 6 . Also, \/x — 5 < e => x — 5 < e 2 =4> x<5 + e 2 . Choose 8 = e 2 

=> lim v/x — 5 = 0. 
x — > 5 + 

48. I = (4 — 8 , 4) =£> 4 — 8 < x < 4. Also, \j \ — x<e=>4 — x<e 2 =4>x>4 — e 2 . Choose 8 = e 2 
=> lim x/4 — x = 0. 

x — > 4 — 



49. As x 



0 the number x is always negative. Thus, — ( — 1) <e =4- x x + 1 1 < e => 0<e which is always 



true independent of the value of x. Hence we can choose any 8 > 0 with — 8 < x < 0 =>■ lim j|j = — 1. 



50. Since x — » 2 + we have x > 2 and |x — 2\ — x — 2. Then, 



.*= 2 1 

l x 2| 1 



= m-l\<e 



0 < e 



which is always true so long as x > 2. Hence we can choose any 8 > 0, and thus 2 < x < 2 + 8 



p=!t - 1 
x— 2 



< e. Thus, lim A4 t = 1. 

x — > — 2 + l x " 2 l 
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51. (a) lim [ X J = 400. Just observe that if 400 < x < 401, then |_xj = 400. Thus if we choose 8 = 1, we have for any 

x — > 400 + 

number e > 0 that 400 < x < 400 + 8 => | [xj — 400| = |400 — 400| = 0 < e. 

(b) lim |x|= 399. Just observe that if 399 < x < 400 then |x|= 399. Thus if we choose 8 = 1, we have for any 

number e > 0 that 400 — 8 < x < 400 => | |_xj — 399| = |399 — 399| = 0 < e. 

(c) Since lim I x I ^ lim I x I we conclude that lim I x I does not exist. 

52. (a) lim f(x) = lim y/x = y/o = 0; I y/x — 0 1 < e =>• — e < y/x < e =>■ 0 < x < e 2 for x positive. Choose 8 — e 2 

=+ lim f(x) = 0. 

x — > 0 + 

(b) lim f(x) = lim x 2 sin (4) = 0 by the sandwich theorem since — x 2 < x 2 sin ( 1 ) < x 2 for all x/0. 

x^0 x^0 vx/ vx/ 

Since |x 2 — 0| = |— x 2 — 0| = x 2 < e whenever |x| < y/e, we choose 8 = y/e and obtain |x 2 sin Q) — 0 1 < e 
if -8 < x < 0. 

(c) The function f has limit 0 at Xo = 0 since both the right-hand and left-hand limits exist and equal 0. 

2.5 CONTINUITY 

1. No, discontinuous at x = 2, not defined at x = 2 

2. No, discontinuous at x = 3, 1 = lim g(x) g(3) =1.5 

x — > 3 

3 . Continuous on [ — 1 , 3 ] 

4. No, discontinuous at x = 1, 1.5 = lim k(x) 7^ lim k(x) = 0 

X — > 1 X — > 1 + 



5. (a) Yes 

(c) Yes 

6 . (a) Yes, f(l) = 1 

(c) No 

7. (a) No 

8 . [— 1, 0) U (0, 1) U (1, 2) U (2, 3) 

9. f(2) = 0, since lim f(x) = —2(2) + 4 = 0= lim 



(b) Yes, lim f(x) = 0 

X — > — 1 + 

(d) Yes 

(b) Yes, lim f(x) = 2 

X — > 1 

(d) No 
(b) No 



f(x) 



10. f(l) should be changed to 2 = lim f(x) 

x — » 1 

11. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 1 and lim f(x) = 0). 

X = 1 x > 1 x — > 1^" 

Removable discontinuity at x = 0 by assigning the number lim f(x) = 0 to be the value of f(0) rather than f(0) = 1 . 

x — > 0 

12. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 2 and lim f(x) = 1). 

X — > 1 X > 1 X -» 1 + 

Removable discontinuity at x = 2 by assigning the number I i ny f(x) = 1 to be the value of f(2) rather than f(2) = 2. 
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13. Discontinuous only when x — 2 = 0 => x = 2 14. Discontinuous only when (x + 2 ) 2 = 0 => x = — 2 

15. Discontinuous only when x 2 — 4x + 3 = 0 =>■ (x — 3)(x — 1 ) = 0 => x = 3orx=l 

16. Discontinuous only when x 2 — 3x — 10 = 0 => (x — 5)(x + 2) = 0 =>■ x = 5orx = —2 

17. Continuous everywhere. ( |x — 1| + sin x defined for all x; limits exist and are equal to function values.) 

18. Continuous everywhere. ( |x| + 1 7 ^ 0 for all x; limits exist and are equal to function values.) 

19. Discontinuous only at x = 0 

20. Discontinuous at odd integer multiples of 5, i.e., x = (2n — 1) n an integer, but continuous at all other x. 

21. Discontinuous when 2x is an integer multiple of 7 r, i.e., 2x = n 7 r, n an integer => x = y , n an integer, but 
continuous at all other x. 

22. Discontinuous when y is an odd integer multiple of |, i.e., y = (2n — 1) |, n an integer =>- x = 2n — 1, n an 
integer (i.e., x is an odd integer). Continuous everywhere else. 

23. Discontinuous at odd integer multiples of 5, i.e., x = (2n — 1) |, n an integer, but continuous at all other x. 

24. Continuous everywhere since x 4 + 1 > 1 and — 1 < sin x < 1 => 0 < sin 2 x < 1 => 1 + sin 2 x > 1; limits exist 
and are equal to the function values. 

25. Discontinuous when 2x + 3<0orx< — § => continuous on the interval [— 00 ) . 

26. Discontinuous when 3x— l<0orx<| => continuous on the interval [|, 00 ) . 

27. Continuous everywhere: (2x — l ) 1 ' 3 is defined for all x; limits exist and are equal to function values. 

28. Continuous everywhere: (2 — x ) 1 / 5 is defined for all x; limits exist and are equal to function values. 

29. Continuous everywhere since lim = lim ^ x ~^^ +2) = lim (x + 2) = 5 = g(3) 

30. Discontinuous at x = —2 since lim ^ f(x) does not exist while f(— 2) = 4. 

31. x lim sin(x — sin x) = sin(7T — sin n) = sin(7r — 0) = sin 7 r = 0, and function continuous at x = tt. 

32. ^lim^ sin (| cos (tan t)) = sin (| cos (tan (0))) = sin (| cos (0)) = sin (|) = 1, and function continuous at t = 0. 

33. lim sec (y sec 2 y — tan 2 y — 1) = lim sec (y sec 2 y — sec 2 y) = lim sec ((y — 1) sec 2 y) = sec ((1 — 1) sec 2 1) 

y -» 1 y -> 1 y -*■ 1 

= sec 0 = 1 , and function continuous at y = 1 . 

34. lim^ tan [| cos (sin x 1 / 3 )] = tan [| cos (sin(0))] = tan (| cos (0)) = tan (|) = 1, and function continuous at x = 
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35. lim cos 
t-»0 



7T 




7T 


\/l9 — 3 sec 2t_ 




y/l9 — 3 sec 0 



/2 

= cos = cos ^ = v 2 , and function continuous at t = 0. 



36. lim \/ esc 2 x + 

I 

x = 



\J CSC 2 x + 5 -\/f tan x = esc 2 (|) + 5\/3 tan (|) = y^4 + 5\/ 3 (yj) = \/9 = 3, 



= 3, and function continuous at 



37. g «= fff = (X ^ X 3 - X 3 7 3) = x + 3, x ^ 3 => g(3) = x lim 3 (x + 3) = 6 

38. h(t) = t3 + l t - 10 = (t+ t 5W 2 ~ 2) = t + 5, t t 2 2 =>• h(2) = lim (t + 5) = 7 



39- M = fei = 1 =*■ f(» = to, ( £ Sf i ) 



_ 3 
2 



40 a (v\ x 3 - 16 (x + 4)(x-4) x + 4 

gw x 2 — 3x — 4 (x — 4)(x+ 1) x + 



= > x ± 4 => g(4) = x lim 4 (f±£) = f 



41. As defined, lint f(x) = (3) 2 — 1=8 and lim (2a)(3) = 6a. For f(x) to be continuous we must have 

x — >3 X -> 3 + 

6a = 8 => a = |. 

42. As defined, liny g(x) = —2 and lim g(x) = b( — 2) 2 = 4b. For g(x) to be continuous we must have 

4b = -2 => b = — 1 



43. As defined, lim f(x) = 12 and lim f(x) = a 2 (2) — 2a = 2a 2 — 2a. For f(x) to be continuous we must have 
12 = 2a 2 — 2a =>■ a = 3ora = — 2 . 



44. As defined, lim g(x) = g^g = g^ and lim g(x) = (0) 2 + b 
= b =>■ b = 0orb = —2. 



b. For g(x) to be continuous we must have 



45. As defined, lim f(x) = — 2 and lim f(x) = a(— 1) + b = — a + b, and lim f(x) = a(l) + b = a + b and 

x — > — 1 X — > -1 + X -> 1 

lim f(x) = 3. For f(x) to be continuous we must have —2 = — a + b and a + b = 3 => a = f and b = C 

X -*■ 1+ 2 2 

46. As defined, lim g(x) = a(0) + 2b = 2b and lim g(x) = (0) 2 + 3a — b = 3a — b, and 

lim g(x) = (2) 2 + 3a — b = 4 + 3a — b and lim g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must 

x — > 2 x — > 0 + 

have 2b = 3a — b and 4 + 3a — b = 1 => a = — | and b = — | . 
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48. The function cannot be extended to be continuous at 
x = 0. If f( 0) « 2.3, it will be continuous from the 
right. Or if f(0) « —2.3, it will be continuous from the 
left. 




49. The function cannot be extended to be continuous 50. The function can be extended: f(0) « 7.39. 
at x = 0. If f(0) = 1, it will be continuous from 
the right. Or if f(0) = —1, it will be continuous 
from the left. 




51. f(x) is continuous on [0, 1] and f(0) < 0, f(l) > 0 
=> by the Intermediate Value Theorem f(x) takes 
on every value between f(0) and f(l) => the 
equation f(x) = 0 has at least one solution between 
x = 0 and x = 1 . 




52. cos x = x =>• (cos x) — x = 0. If x = — |, cos (— |) — (— | ) > 0. If x = |, cos (|) — | < 0. Thus cos x — x = 0 
for some x between — | and | according to the Intermediate Value Theorem, since the function cosx — x is continuous. 

53. Let f(x) = x 3 — 15x + 1, which is continuous on [—4,4], Then f( — 4) = —3, f(— 1) = 15, f(l) = —13, and f(4) = 5. 

By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < — 1, — 1 < x < 1, and 

1 < x < 4. That is, x 3 — 15x +1=0 has three solutions in [—4, 4], Since a polynomial of degree 3 can have at most 3 
solutions, these are the only solutions. 

54. Without loss of generality, assume that a < b. Then F(x) = (x — a) 2 (x — b) 2 + x is continuous for all values of 
x, so it is continuous on the interval [a. b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value 
Theorem, since a < Lp < b, there is a number c between a and b such that F(x) = - ± h . 
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55. Answers may vary. Note that f is continuous for every value of x. 

(a) f(0) = 10, f(l) = l 3 — 8(1) + 10 = 3. Since 3 < 7r < 10, by the Intermediate Value Theorem, there exists a c 
so that 0 < c < 1 and f(c) = 7r. 

(b) f(0) = 10, f( — 4) = (— 4) 3 - 8( — 4) + 10 = -22. Since -22 < -a/3 < 10, by the Intermediate Value 
Theorem, there exists a c so that —4 < c < 0 and f(c) = — a/3. 

(c) f(0) = 10, f(1000) = (1000) 3 - 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that 0 < c < 1000 and f(c) = 5,000,000. 

56. All five statements ask for the same information because of the intermediate value property of continuous functions. 

(a) A root of f(x) = x 3 — 3x — 1 is a point c where f(c) = 0. 

(b) The points where y = x 3 crosses y = 3x + 1 have the same y-coordinate, or y = x 3 = 3x + 1 

=4- f(x) = x 3 - 3x - 1 = 0. 

(c) x 3 — 3x = 1 => x 3 — 3x — 1 = 0. The solutions to the equation are the roots of f(x) = x 3 — 3x — 1 . 

(d) The points where y = x 3 — 3x crosses y = 1 have common y-coordinates, or y = x 3 — 3x = 1 
=4> f(x) = x 3 - 3x - 1 = 0. 

(e) The solutions of x 3 — 3x — 1 = 0 are those points where f(x) = x 3 — 3x — 1 has value 0. 

57. Answers may vary. For example, f(x) = sin( *7 2) is discontinuous at x = 2 because it is not defined there. 

However, the discontinuity can be removed because f has a limit (namely 1) as x — > 2. 

58. Answers may vary. For example, g(x) = — j— has a discontinuity at x = —1 because lim g(x) does not exist. 

^ lim^ g(x) = — oo and lim^ g(x) = +oo.^ 

59. (a) Suppose Xo is rational => f(xo) = 1 . Choose e = / For any 6 > 0 there is an irrational number x (actually 

infinitely many) in the interval (xo — 6, xo + 6) => f(x) = 0. Then 0 < |x — xo| <6 but jf(x) — f(xo)| 

= 1 > i = e, so lim f(x) fails to exist => f is discontinuous at Xn rational. 

z X * Xo 

On the other hand, x 0 irrational => f(x 0 ) = 0 and there is a rational number x in (x 0 — b. x () + b) => f(x) 

= 1. Again x lim f(x) fails to exist => f is discontinuous at Xo irrational. That is, f is discontinuous at 

every point. 

(b) f is neither right-continuous nor left-continuous at any point x 0 because in every interval (x 0 — t, x 0 ) or 

(xq, x 0 + 6) there exist both rational and irrational real numbers. Thus neither limits lim f(x) and 

x — ► x 0 

lim f(x) exist by the same arguments used in part (a). 

X -» x 0 

60. Yes. Both f(x) = x and g(x) = x — | are continuous on [0, 1J. However f( / is undefined at x = | since 
g (|) = 0 => // is discontinuous at x = 3 . 

61. No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([x]) = 0 is continuous at x = 0 and g(x) is not. 

62. Let f(x) = x 1 ! and g(x) = x + 1. Both functions are continuous at x — 0. The composition fog — f(g(x)) 

— (x+ j- = i is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 
continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1. 

63. Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a. b]. 
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64. Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is 
then in its original position. 

65. If f(0) = 0 or f( 1) = 1, we are done (i.e., c = 0 or c = 1 in those cases). Then let f(0) = a > 0 and f(l) = b < 1 

because 0 < f(x) < 1. Define g(x) = f(x) — x =i> g is continuous on [0, 1]. Moreover, g(0) = f(0) — 0 = a > 0 and 

g(l) = f(l) - 1 = b — 1 < 0 =>■ by the Intermediate Value Theorem there is a number c in (0,1) such that 

g(c) = 0 => f(c) — c = 0 or f(c) = c. 

66. Let e = > 0. Since f is continuous at x = c there is a 6 > 0 such that |x — c| < 6 => |f(x) — f(c)| < e 

=> f(c) - e < f(x) < f(c) + e. 

If f(c) > 0, then e = ij f(c) =>■ \ f(c) < f(x) < § f(c) =>■ f(x) > 0 on the interval (c — 6, c + S). 

If f(c) < 0, then e = — \ f(c) => | f(c) < f(x) < | f(c) => f(x) < 0 on the interval (c — 6 , c + 6). 





67. By Exercises 52 in Section 2.3, we have lim f(x) = L o- lim f(c + h) = L. 

x ^ c h — » 0 

Thus, f(x) is continuous at x = c lim f(x) = f(c) -o- lim f(c + h) = f(c). 

x —> c h — > 0 

68. By Exercise 67, it suffices to show that lim sin(c + h) = sin c and lim cos(c + h) = cos c. 

3 IwO V ' h — > 0 V ' 

Now h li m Q sin(c + h) = [(sin c)(cos h) + (cos c)(sin h)] = (sin c) ^lim^cos h^j + (cos c) ^lim^sin h^j 

By Example 1 1 Section 2.2, lim cos h = 1 and lim sin h = 0. So lim sin(c + h) = sin c and thus f(x) = sin x is 
3 V h -+ 0 h -+ 0 h^0 V ' W 

continuous at x = c. Similarly, 

^lim^ cos(c + h) = [(cos c)(cos h) — (sin c)(sin h)] = (cos c) ^lim^cos hj — (sin c) ^lim^sin hj = cos c. 
Thus, g(x) = cos x is continuous at x = c. 



69. x « 1.8794, -1.5321, -0.3473 



70. x « 1.4516, -0.8547, 0.4030 



71. x? 


s 1.7549 


72. xs 


s 1.5596 


73. x? 


s 3.5156 


74. xr 


= -3.9058, 3.8392, 0.0667 


75. x? 


s 0.7391 


76. xr 


i -1.8955,0, 1.8955 
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2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS 



1. (a) 


lim f(x) = 0 

x — » 2 


(b) 


lim f(x) = —2 

x — > -3 + 


(c) 


X 

3 

GJ 

1 

w 

II 

fO 


(d) 


lim f(x) = does not exist 

x — > 3 


(e) 


lim f(x) = -1 

x^0+ 


(f) 


lim f(x) = + co 

x — > 0 


(g) 


lim f(x) = does not exist 

x — > 0 


(h) 


lim f(x) = 1 

X — 1 OO 


(i) 


lim f(x) = 0 






2. (a) 


lim f(x) = 2 

x — » 4 


(b) 


lim f(x) = —3 

x^2+ 


(c) 


lim f(x) = 1 

x — > 2 


(d) 


lim f(x) = does not exist 

x — > 2 


(e) 


lim f(x) = + oo 
X— >-3+ 


(f) 


lim f(x) = + co 

x — > -3 


(g) 


lim f(x) = + co 
x — > — 3 


(h) 


lim f(x) = + co 

x — » 0 + 


(i) 


lim f(x) = — co 

x — » 0 


0) 


lim f(x) = does not exist 

x — » 0 


(k) 


lim f(x) = 0 

x — > OO v 7 


(1) 


lim f(x) = -1 

X — ► — OO ' 7 



Note: In these exercises we use the result lim -i- = 0 whenever — > 0. This result follows immediately from 
Theorem 8 and the power rule in Theorem 1 : lim (-L) = lim (1)“ " = ( lim l') = 0 m/n = 0. 

X — > ± OO V X ' X — > i OO ' X ' \X — > it OO X / 



3. (a) -3 

4. (a) 7T 

5. (a) \ 

6. (a) | 

7. (a) -f 
8- (a) | 

9 _ I < sin2x < I lj m si n2x _ 



10. -i< 



cos 6 _1_ 

3 6 — 36 



lim 

0 — > — OO 



COS u 

36 



(b) 


-3 


(b) 


7 r 


(b) 


1 

2 


(b) 


1 

8 


(b) 


5 

3 


(b) 


3 

4 



0 by the Sandwich Theorem 
= 0 by the Sandwich Theorem 



11 . 



lim 

t — > OO 



2 — t + sin t 
t + cos t 



lim 

— ► OO 



l + (ssp) 



0 - 1+0 
1 + 0 



-1 



l+( 



12. lim — = lim - — , — , sinr . 

r^oo 2r + 7 — 5 sin r r^oo 2+2-5 (ai) 



— 1 

= lim 



1+0 

2 + 0-0 



1 

2 



13. (a) 



lim 

l — > OO 



2x + 3 
5x + 7 



lim 

t — > OO 




2 

5 



(b) | (same process as part (a)) 
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14. (a) 
(b) 



2+ (?) _ 

U Q 9 . . n 1X111 , 1 — 

OO x J - x 2 + x + 7 x — > oo 1 - i + 

2 (same process as part (a)) 



lim , lim 7 — l+fl 7 = 2 



15. 


(a) 


lim 


4+h = lim 


i + 2 

x x- 




x — > 00 




1 + - 
X 4 


16. 


(a) 


lim 


^+4 = lim 


l + : 

* X 




x — > 00 


x 2 - 2 x — ► 00 


1 — 4 

X 


17. 


(a) 


lim 

x — > 00 


7x 3 

x 3 — 3x 2 + 6x x 


lim 

— ► 00 



= 0 



= 0 



18. (a) lim 



= 7 



11111 “3 : r — 1 1 111 ~ f r - — 0 

x — > oo x 3 — 4 x + 1 x — » oo 1 — 4 + 4 - 



19. (a) 



lim M + f + 3 i = Hm ? + M 



x z x u 

x^-Too 1 



= 0 



(b) 0 
(b) 0 
(b) 7 
(b) 0 
(b) 0 



(same process as part (a)) 
(same process as part (a)) 
(same process as part (a)) 
(same process as part (a)) 
(same process as part (a)) 



20. (a) 
(b) 



lim 



9 x 4 + > 



= lim 



5 _ l~ji 6 
3 ? + ? 



(same process as part (a)) 



21. (a) 

(b) 



lim , + , 2x + s 3 = lim 4 — 4+ = 

x — >00 3x J + 3x 2 - 5x x — > 00 3 + | — 4 

X x z 

— | (same process as part (a)) 



22 - & x'i+o X 4 - 7x4 7x^ + 9 = X 1 ™oo 1-1 + 1 + $ = 

(b) — 1 (same process as part (a)) 



23. lim \i g-r 

x — * 00 V 2 x 4 



8 x 2 — 3 _ 



= lim , , „ . 

X x — > 00 \/ 2 + 4 



lim xr — y 

x — > 00 2 + 1 



*Cil> = x/4 = 2 

2+0 V ^ z 



24. lim 

X — » —00 



25. lim 

X — > —00 



( x 2 +x-l\ 
( l-x 2 + 



1,3 =- (+i ± ) , ' I = (,Jra 0 o+^ i ) l/3 = (W) ,/J =a: 



x — > —00 \ 8 



= lim ( 1 = ( lim 

" ■ - - 1 1 x — ► —00 1 - i 



X — > —00 \ 1 - 



= (l^f) 5 = °° 



26. 



lim 

x — > 00 



X 2 - 5x 
x 3 + x - 2 




lim 



00 1 + h ~ h 



0-0 

1+0-0 



= 4o = o 



27. 



lim 

t — > 00 



2 v /x + x 1 
3x - 7 




28. lim 

X — > 00 



2 + y/x 
2- \/x 



lim 

c — > 00 




29. lim 

X — > —00 






X 



lim 

-> —00 



1 _ x d/5)-(l/3) 
1 +x (l/5)-(l/3) 



X 



lim 

-> —00 




30. 



lim 

t — > 00 



= lim 

x — > 00 



1/3 _ 1 
2 
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i i i 
x 19/15 ^ x 8/5 



3 | i - OO 

x 3/5 " l " x ll/10 



31. lim 2 i,s-f 3+ r = l>>» 2 T ^ x19/15 + x8/5 

X — > OO X s /' 3 +3x+ ^/x X — > OO 1 + 

-20 1™ ^-5x + 3 _ .• gk~ 5+ x __ _5 

x-W^oo 2x + x 2 / 3 — 4 x-B'-oo 2+^L-3 2 V X 

33 ii m _ H v-x 2 + i xA 2 _ u A(x 2 + 0 /x 2 _ H V]TW _ ^T + o _ , 

x^oo X + 1 - x^oo (x+l)/x/? “x^oo (x + l)/x - x^oo (1 + 1/x) - (1+0) 

34 lim v^T _ H v'ATT,- y x 2 _ u \A x2 +>>/x 2 - i im xA + Vx 2 _ x/A+o 
xi lnl oo x+l - x 4“±oo (x+lV-vA 2 - x4™oo(x+l)/(-x) - x^Poot-l-l/x) “ (-1-0) 

35 lim x-3 _ lj (x-3)/y^ _ ix-3) x _ ,■ (l~3/x) _ (1-0) _ 1 

x -> <x>V4x 2 + 25 x 3 OO \J . 4 X 2 + 25 /V^ x — oo x /(4x- + 25)/x- x -> oo y/4 + 25/x 2 v/4 + 0 2 



-1 



36. lim c= lim 



(4-3x 3 )/v^ = Um (4 — 3x 3 )/(— x 3 ) = nm (— 4/x 3 + 3) = (0 + 3) = 3 



x — > -00 v / x 6 + 9 x — > -00 v /x 6 + 9/V / j? X > OO v /(x 6 + 9 )/x 6 X — > OO yjl + 9/x 6 v/1 + 0 



37. lim y - = 00 

x^ 0 + 3x 



( positive \ 
positive y 



38. lim A = —00 

x — f 0~ 2x 



( positive \ 
negative J 



39. lim — —00 

x -> 2- x- 2 



/ positive \ 
l negative J 



40. lim ^33 = OO 



X — > 3 + 



( positive \ 
positive J 



41. lim ^ = -00 



x -> -8+ 



( negative \ 
positive J 



42. lim 

x — ► — 5 



3x 

2x+10 



= OO 



( negative \ 
negative J 



43. lim , \ 2 = oo 

x->7 (x— 7) 2 



( positive \ 
positive J 



44. lim 2 / 1 = —00 

x ^0 x(x +1) 



( negative \ 
positive-positive J 



45. (a) lim Y +73 = 00 

X — > 0 + }x 



(b) lim ^ = -00 

X — » 0 Jx 



46. (a) lim -^=00 

X -> 0+ x 



(b) lim 4 s = -00 

X — > 0 X 



47 . lim -375 = lim — gb = 00 

X — » 0 X X — > 0 (x 1/5 ) 



48. lim 4j = lim — U = cx) 

X — » 0 X X — > 0 (x 1/J ) 



49. lim tan x = 00 

x -> (!) 



50. lim sec x = 00 

(?) + 



51. lim ( 1 -j- esc 0) — — 00 

0 -> 0 “ 



52. lim (2 — cot 0) = —00 and lim (2 — cot 9) = 00 , so the limit does not exist 

0 ^ 0 + 0 -> 0 “ 



53. (a) lim i = lim, , T . = 



2 + x- 



2+ ( x +2)(x— 2) 



1 



(b) x bm 2 - x^4= x bm 2 - (x+2)(x— 2) — 

(C) x i| m 2 + x^= x bm 2+ U+fc) 

(d) lim„_ ^ = x Um 2 _ (x+2) 1 (x _ 2) 



x -> -2 
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54 (a) x lim + ^ = °° 

(b) x 1 ™!- 0% F x I 11 ] (x+lKx-l) = 

(c) x 2! m i + ^ :== x -l in V 67^ = °° 

(d) x i im i- A = x -i im i- (x+lXx-l) = 



( positive \ 
positive-positive J 

( positive \ 

positive-negative J 

( negative \ 

positive-negative J 

( negative \ 

negative -negative J 



55. (a) lim y — - — 0 + lim — = — oo 

x^0+ 2 x x^0 + ~ x 

(b) lim y — - — 0 + lim — = oo 

x ->• 0 - 2 x x -> 0 - " x 

(c) lim x!_I_^2 C — 9 -L 3 - 2 -1 / 3 - 0 

IP* 3 /r 2 x — 2 2 1 / 3 ~ Z Z “ U 

X — » y2 



(d) x lim i f (^) = | 



\ negative J 
\ positive J 



56. (a) x _lim 2+ * x + 4 



( positive \ 
positive J 



(c) lim 

x^ 1+ 

(d) lim 



— — - = lim 

2x + 4 x !™ + 



(x + lj(x 1) _ 2-0 _ n 
2x + 4 2 + 4 u 



(b) lim 



( positive \ 
negative J 



57. (a) lim X V X + 2 = lim (x ~ 2Xx : l) = -oo 

x — > 0 + x - 2x ‘ x^0 + x ' (x - 2) 

(b) lim X V* + 2 = lim (X T 2)(X 7 1) = lim ^ = 1 x ^ 2 

x ^ 2 + x _2x x — > 2 + x ( x_2 > x — > 2 + x 4 ' 

(C) x bm 2 - 4 ^= x I^ 2 ^^=x Um 2- ^ = 

W 1™ ii TOT 1 = l™, ^ = ?> x ^ 2 



(e) lim X L 3x + 2 = lim 

v ' Y , n x J — 2x^ Y . i 



(x — 2)(x — 1) 
0 X“(x - 2) 



( negative-negative \ 
positive- negative J 



( negative-negative \ 
positive- negative J 



58. (a) lim 



(c) lim 

x — > 0 



= lim 



(x — 2)(x — 1) 



2 + x(x - 2)(x + 2) 



= lim 



2 + x(x + 2) 



= lim 



(x — 2)(x — 1) 



_ 2 + x(x-2)(x + 2) 



= lim 



x 3 3x , + 2 = lim -y — 2 C X 1,1 = lim 

x J — 4x x — > 0~ x ( x — 2X x + 2) x > 0 

lim X V X + 2 = lim ( ^ 2 £ x 7 3) , = lim 



mn / i ox — 

^ _ 2 + x ( x + 2) 

(x-1) 

1 V , ’ = CX) 

Q x ( x + 2) 

, ( x 1) _ 0 



(e) x 1 ^ ra = -°° 

and x 1 ! 11 ?)- xra = °° 

so the function has no limit as x 



X “ i+ x ( x — 2)(x + 2) x “ l+ x ( x + 2 ) 0X3) 

/ negative \ 
l positive-positive J 



negative 

negative-positive , 



negative 

^ negative-positive ^ 

f negative ^ 
negative-positive 



59. (a) ^ lim |2 - ^ | = -oo 



(b) ( lim [2 - ] = oo 



60. (a) ^ lim + [^+7] = oo 



(b) t lim [^+7] = -oo 



(x — 1 ) 2 / 3 



(b) x^O- + 

(d) x lim [J 7 3+^-l ?7 3 
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77 



62. (a) lim 

x^0 + 

(c) lim 

x^l+ 



1 


1 


= OO 


(b) 


1 

a° 

•J3t 

X 


1 


1 


X V3 


(x - I ) 4 / 3 


X V3 


(x — l) 4 / 3 


1 


1 


= — CX) 


(d) 


lim 

x-> 1“ 


1 


1 


X V3 


(X - l) 4 /3 


X V3 


(x- 1) 4 / 3 




69. Here is one possibility. 



70. Here is one possibility. 
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71. Here is one possibility. 



y 




73. Here is one possibility. 

y 




75. Here is one possibility. 



y 



h(x)=—, x*0 

hi it 






0 


>--1 





72. Here is one possibility. 




74. Here is one possibility. 




76. Here is one possibility. 



y 




77. Yes. If x jim o ^ = 2 then the ratio of the polynomials' leading coefficients is 2, so x Jim ^ = 2 as well. 

78. Yes, it can have a horizontal or oblique asymptote. 

79. At most 1 horizontal asymptote: If x lim^ J - ) = L, then the ratio of the polynomials' leading coefficients is L, so 

lim = L as well. 

x — > -oo gW 



80. lim 

X — ' oo 



= lim 



x + 9 



x > oo v/x + 9+ v/x + 4 



^x + 4) = x 'iPoo [^+9 - \/x + 4 

^ — = lim , y 1 , . = = 0 






\/x + 9+ \/x + 4 
\/x + 9+ Cx + 4 



lim (* + »>- (»+j> 

x > 00 Vx + 9+Vx + 4 



81. lim 

x — > oo 



^ \/x 2 + 25 — \/x 2 — 1^ = x lim^ Vx 2 + 25 — \/ x 2 — 1 



\/x 2 + 25 + \/x 2 — 1 
L 7 x2 + 25 4- Vx 2 -1 



= lim 



(x 2 + 25) - (x 2 - l) 



11111 — 7~ = /— = 

x -4 00 V* 2 + 25 + \/x 2 - 1 



82. lim 



= lim — — — = lim — — 7 = tJC = 0 

x —> oc v/x 2 + 25 + Vx 2 - 1 X^oo Yi + g + Jl-^ 1 + 1 

x 2 + 3 + x) = lim v/x 2 + 3 + : 

/ X — » —00 v 





yj x 2 + 3 — x 




. x/x 2 + 3 - x . 



= lim (x2 + 3) ^ (x2) 

x — > -00 x /x 2 + 3-x 



= lim 



= lim 



lllll / „ — lllll 7= 

x — * 00 v /x 2 + 3-x x — > —00 /1 



7 ? 



= lim 






yr+j+i 



-2- =0 
1 + 1 u 
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83. lim ( 2x + 4x 2 + 3x — 2^) = 

x — * — oo V / 



= lim 

x — > —OO 



= lim , 3x + 2 = lim 

x — > — oo 2x - V 4x 2 + 3x - 2 x 

- 3-0 _ 3 

-2-2 4 



00 



2x + a/ 4x 2 + 3x — 2 

lx + 2 

= lim 



2x - y/4x 2 + 3x - 2 



= Um (4x 2 ) — (4x 3 + 3x — 2) 



L 2x — \/ 4x 2 + 3x — 2 J x^-oo 2x — \/ 4x 2 4- 3x — 2 

3x + 2 3 — - 



00 -,-^+l-i x -™°° -V 4 +i- 



84. lim 

X — > OO 

= lim 



9x 2 — x — 3x ) = = lim 

x — ► oo 

J 

= lim 





\/ 9x 2 — x + 3x 




. V / 9x 2 -x + 3x. 



= lim 



(9x 2 - x) - (9x r 



inn / 

x — > oo s/9x 2 - X 4- 3x 



= lim 



-l 



11111 — / — 11111 — / - 

x * oo 9x 2 — x + 3x x — > oo + x > oo / 9 _I + 3 



-1 

3 + 3 



85. lim 

X — > oo 

= lim 



x 2 + 3x — \/x 2 — 2x^j 

5x 



= lim 

X — > oo 



y/x 2 + 3x — \J x 2 — 2x 



\/x 2 + 3x + \/x 2 — 2x 



= lim 



(x 2 + 3x) - (x 2 - 2x) 



L \/x 2 + 3x + \/x 2 — 2x J x — » oo x/x 2 + 3x + \/x 2 — 2x 



= lim 



S __ 5 
1 + 1 — 2 



x^oo \/x 2 + 3x + -\/x 2 — 2x x-»oo + l + 

86. lim \/x 2 + x — vx 2 -x= lim vx 2 +x — \/x 2 — x 

y — ^ rvt v v y — r\~\ v v 



X — > OO 

= lim 



\/x 2 + X + \/x 2 — X 
L y/x 2 + X + v 7 x 2 - X 



= lim 



2 +x)-(x 2 -x) 



X — >00 \J x 2 + x + v/x 2 -> 



2x 



mu ? — - = lim 

x -> 00 a/x 2 +X+\/x 2 — X X — > oo 



/1 + 4 + ./1 — 1 



— - — = 1 

1 + 1 1 



87. For any e > 0, take N = 1 . Then for all x > N we have that |f(x) — k| = jk — k| = 0 < e. 



88. For any e > 0, take N = 1. Then for all y < — N we have that |f(x) — k| = |k — k| = 0 < e. 



89. For every real number — B < 0, we must find a S > 0 such that for all x, 0 < |x — 0| < S => -4 < — B. Now, 

— jr < — B < 0 ^i>B>0<^x 2 <i <=> |x| < -^ . Choose 8 = , then 0 < |x| < <5 =+ |x| < -^ 

=> =r < B so that lim — K = — oo. 

x x — > 0 x 

90. For every real number B > 0, we must find a 6 > 0 such that for all x, 0 < |x — 0| < 6 => ' > B. Now, 
ji|->B>044>|x|<g. Choose 6 = g. Then 0 < |x — 0| < 8 =>■ |x| < g =4> p > B so that lim^ p = oo. 

91. For every real number B < 0, we must find a 6 > 0 such that for all x, 0 < | x — 3 1 <8 => (x 2 . 2 < — B. 

Now, (x y 2 3)2 < — B < 0 4=> (x- 3 ) 2 > B > 0 O fx ~ 3) < ^ 4=> (x — 3) 2 < | o- 0 < \x — 3| < \J\- Choose 
6 = \J\, then 0 < |x — 3| < S =$■ (x y 2 )2 < — B < 0 so that lim^ (x y 2 )2 = — oo. 



92. For every real number B > 0, we must find a 6 > 0 such that for all x, 0 < |x — (— 5)| < 8 ^ (x + 5) 2 ^ 
Now, (xH j 5)2 > B > 0 (x + 5) 2 < g 4=> |x + 5| < ^. Choose 8 — . Then 0 < |x — (— 5)| < 8 

=> l x + 5 I < 75 =* NT3F > B 80 that x 5 (x+5) 2 = °°- 



93. (a) We say that f(x) approaches infinity as x approaches Xo from the left, and write lim f(x) = oo, if 

X “ > X 0 



for every positive number B, there exists a corresponding number 8 > 0 such that for all x, 

x 0 - 8 < x < x 0 => f(x) > B. 

(b) We say that f(x) approaches minus infinity as x approaches Xq from the right, and write lim f(x) = — oo. 



if for every positive number B (or negative number B) there exists a corresponding number 8 > 0 such 
that for all x, x 0 < x < x 0 + <5 => f(x) < B. 
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